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These notes are intended as a practical reference when doing basic calculations in Riemannian
geometry. I hope they will be helpful to the reader who is familiar with the concepts of Riemannian
geometry but isn’t an expert when it comes to calculations; they may provide a useful supplement to
a more expository text on Riemannian geometry (I recommend, in addition to the standard texts, the
lecture notes of Ben Andrews, which can be found online, and the book by Andrews and Hopper).

Proofs are placed at the end of each section, and are numbered based on the right-hand side
numbering. The numbers on the right hand side are links that go back and forth between an equation
and its proof.

This is a slow but steady work in progress, with still much to be done, possibly including some
major reorganization. Last updated: September 26, 2025

TODO: finish all proofs

TODO: check out https://www.math.ucla.edu/~petersen/Papers/44.pdf

TODO: a section on Hodge theory. References: HRF 1.5

TODO: geodesics and jacobi fields?

TODO: distance functions?

TODO: Uhlenbeck’s trick and more Ricci flow specific things

TODO: add bibliography and improve citations everywhere

TODO: I think I need to reconsider the overall organization; in particular wouldn’t it be better
for the Lapalcian and Hessian sections to be close together?

TODO: stuff about Weyl, Schouten, Cotton tensors?

TODO: finish all TODOs

0 Notation and Conventions

The convention I use for the curvature of a connection agrees with Chow, Petersen, and Lee, meaning
that it is the opposite of Andrews. My convention for the factor in front of the wedge product of
alternating tensors agrees with Andrews (and Lee?) and opposes Chow. I take Andrews’s and Chow’s
convention for the way to write the rank of a mixed tensor (opposite to Lee), which says that a (k, £)
tensor takes as input k vector fields and ¢ covector fields. For example, we’ll say that the metric is a
(2,0)-tensor. See Section 3 for more about this. Throughout, unless otherwise stated, we will be
considering a Riemannian n-manifold M = (M™, g).

I(E) the set of sections of the bundle E over M
TE(M) the set of (k,)-tensors; that is, sections of (T*M)®* @ (T M)®*
AFT* M the k-form bundle on M
QF(T* M) the set of sections of AT M, i.e. the set of k-forms on M; T'(A*T™ M)
dVol, du the volume form of a Riemannian manifold
©) the symmetric tensor product v ©w = 1 (v ® w4+ w ® v)
W) the Kulkarni-Nomizu product, see 6.5.2


https://www.math.ucla.edu/~petersen/Papers/44.pdf

1 Basic notions

This section contains a few constructions from the theory of smooth manifolds that don’t depend on
a Riemannian metric, but also contains some Riemannian-metric based identities.

1.1 Coordinates

By definition, a smooth manifold has coordinate charts at every point. A coordinate chart is a
pair (U, ¢), where U is an open subset of the manifold, and ¢ : U — Uis a diffeomorphism, where
U c R™. This gives us a way to talk about a point on our manifold (within the coordinate chart U)
by specifying n numbers. In particular, if ¢(p) = (z!,...,2™), we often think of the point p just as
the n-tuple (z1,...,2").

There is a canonical frame { 0

B } for R™, which pulls back along the chart map to give a frame
(also denoted {52}, or just {9;}) on M. In this way, coordinates (z°) are associated to a (local)
frame for the tangent bundle.

If we have a function on a manifold, we can think of it as a function on ..

1.2 Vector fields

By construction (see any book on Riemannian geometry), a vector field X € I'(T'M) satisfies the
Leibniz rule

X(fg) = FX(9) +9X(f)
for f,g € C*°(M). From this we get the Leibniz rule:
X(fY) = X(f)-Y + fX(Y). (1)
If f € C°>°(M) and r: R — R, we have the chain rule
X(rof)= ("o f)X(f) (2)

1.3 The differential and gradient
The differential df of a function f € C*°(M) is the 1-form defined by

(df)(X) = X(f)

for X € T'(T'M). Let grad f denote the vector field dual to df. That is, g(grad f, X) = (df )(X) =
X (f). Sometimes V f is used to denote either df or grad f (or both). It is also used to denote the
total covariant derivative of f (see below), but this is not really an abuse of notation since the total
covariant derivative of f is equal to df.

grad(fh) = fgrad h + hgrad f (3)

In coordinates: _
df = (0, f)da’ (4)
grad f = ¢"(9;f)9; (5)



This differential is a special case of the derivative of a map ¢ : M — N between manifolds. For
this sort of map, if {2’} are coordinates on M, with frame {9;} and coframe {dz'}, and {y'}, {9,:},
and {dy'} are the corresponding objects on N, then, at some point p,

0 yj o
aoo) = 202Dy, (©
Ayl o
d(d;) = 7%3:2. ¢) 0,0 (6)
Proof. TODO; see p. 62 of [5]. O
From this it follows that B 9
do = - —da’ @ P (7)
_99" i O
dg = Garde ® 5. (7)
Proof. TODO O

1.4 Differential forms

Given a vector space V', a (k,0)-tensor w € ®k V* is said to be alternating if it is antisymmetric
under interchange of any two of its arguments. The set of alternating (k,0)-tensors on V' is denoted
AFV*. In particular, we are interested in /\kT;M; the space of alternating (k,0)-tensors at p. Two
special cases are 0- and 1-tensors, which are functions and covectors respectively. These are trivially
alternating, so we have A°T*M = C°°(M) and A'T*M =T*M.

The wedge product of an alternating k-tensor and an alternating ¢-tensor is a (k + £)-tensor
can be defined explicitly by

1
SAT = T Z sgn(o)(S®T) oo,
O'GS]H,g

where the composition with ¢ denotes applying the permutation ¢ to the k + ¢ inputs to S ® T'.
There is another convention (used by Chow, for example) for this that involves a different factor in
front. A useful special case occurs with a multiple wedge product of covectors TODO.

We can also define the wedge product implicitly to be the linear map satisfying the following
properties, for forms w,n, u and ¢ € C*(M),:

(1) wAmAp) =@An)Ap
(if) (ew) A =wA(cn) = c(wAn)

(iii) If w,n € APT,M, then
(wWHnAp=wAp+nAp.

(iv) If w € A*T,M and n € A*T,M, then

nAw=(=1)*wAn.



The space /\kTpM is in fact a vector space: given a basis {w'}?_; for T M, the set
{w“/\~o/\wi’“ 0<ip < - <1 <n}

is a basis for A*T, M. Thus A*T, M has dimension (}). Moreover, the set {A\*T,M : p € M} of all
alternating k-tensors at points of M has a bundle structure. A k-form is a smooth section of the
bundle A*T*M. The set of all k-forms on M is denoted QF(M).

1.4.1 The volume form

If M is oriented, there is a unique n-form dp = dug called the volume form, defined in local

coordinates by
dp = \/det(g;;)da" A -+ A da™.

If {w'}" , is an oriented orthonormal coframe for T* M, then
dp=w' A AW™. (8)
Despite the notation, the volume form dy is generally not the exterior derivative of some (n — 1)-form
1.
1.4.2 Exterior derivative
The exterior derivative is the unique linear operator d : Q% (M) — QF*1(M) satisfying
(i) If f € Q°(M) = C>°(M), then df is the same as the differential of f.
(ii) If w € QF(M) and n € Q(M), then
d(w An) = (dw) A+ (=1)*w A dn.
(iii) d? =0.

Using these axioms, we can determine the following expression for d. Suppose we have coordinate
covector fields dz*. If we have the k-form w given by (777 sums are taken over increasing k-tuples)

w = Z wiln_ikd%il JANEERWAN d%ik,

11,0000k

then (I think this sum is just taken over all tuples).

Wi, ...q , - -

dw = — L dgt Adat A - A da't 9
zzlz:zk ozt ¥

Strictly speaking, there is still some more work to be done to make sure everything works here, even

though it seems like we have a nice expression for d. One needs to show that this doesn’t depend on

the coordinates, and justify the claim that this operator is unique. For arguments of these facts, see

Ben Andrews’s lecture notes on differential geometry, or one of many other books on geometry.

If w is a 1-form, we have the following useful expression

dw(X,Y) = Xw(Y) — Yw(X) — w([X,Y]). (10)



The previous expression generalizes: if w is a k-form, the exterior derivative satisfies (here the
hat notation means we are removing an argument)

k
(k 4+ 1)(dw)(Xo, ..., Xx) = > (=1 X;w(Xo, ..., Xj, ..., Xi)
j=0

+ (=)™ w([Xs, X5), Xoy ooy Xiy oo Xy oo, X1,
0<i<j<k

Some authors prefer to leave out the factor of k%rl in this definition. This expression can also be

used to define the exterior derivative in a way that is explicitly independent of coordinates.
See section 1.5.1 for information about the formal adjoint to the exterior derivative.
1.4.3 Interior product

The interior product is, for each X € T, M, a linear map ¢x: NE oM — /\"”'_1T;M. Ifwe /\OT;M
(so that w is a number), we define txw = 0. Otherwise, the interior product is the unique linear
operator tx : QF(M) — QF~1(M) satisfying similar properties to the exterior derivative:

(i) When w € QY (M) = T(T*M), then txw = w(X).
(ii) If w € QF(M) and n € QY(M), then
ix(wAnN) = (txw) An+ (=1 w A (1xn)
(iii) % = 0.
From (ii) it follows that

k

tx(wi A Awg) = Z(fl)”lwl A Aex(wi) A A wg.
i=1

We can determine that ¢x has the following expression:

ex (W) (X, .o, Xpm1) = w(X, Xy, o0, X)), (12)
In particular, for covectors w', ..., w", we have
k . . ~
ix(Wh A AWR) = Z(—l)lile(X)wl Ao AWEA - AWk, (13)
i=1

Differential forms are exactly the objects that we integrate over a manifold. For more about
integration, see Section 7.2.

1.4.4 The Hodge star operator

Before defining this operator, we need to define an inner product of forms. We could construct
k-forms as alternating tensors on any vector space. Then an inner product on the vector space



induces an inner product on the k-forms. We define this on basis k-forms by (taking {w'}F_ | as a
basis for the vector space)

<wi1 A Awt Wi /\---/\wj’“> = det(<wi“,w“>),

where on the right hand side we are using whatever metric we are given on the underlying vector
space. In our case, the underlying vector space is the cotangent space, and the inner product is of
course the Riemannian metric, so the product becomes (asssuming that {w*} is orthonormal)

(WA AW Wl A AwIR) = det (%),
The Hodge star operator % : AFT* M — A" ~FT*M is the linear operator defined by
(w,m) dVol =w A *n.
For example, if {w'}? ; is a positively oriented orthonormal coframe, then for any k,
(WA AWR) Ax(WE A AWR) = dVol,
since the inner product of w! A --- A w* with itself is clearly 1.
* (WA AW =W A AW (14)

As an operator on A*T*M,
2 = (L)), (15)

The Hodge star satisfies the following commutation relations, where *, denotes * acting on
k-forms.

xd = (=1)FF1s, wpqd® = (—1)FFIe Ry (16)
%0 = (—1)*dx, w168 = (=D)Fd " Fx, (17)
*AF = An Ry (18)

1.5 Divergence

Note that for a vector field X, d(tx(du)) is an n-form, so it is fdu for some smooth function f. We
call this function the divergence of X, so that

d(ix dp) = div X dp.
We could also have defined the divergence as the trace of the covariant derivative:
divX = tr VX = (VX)(0;,dz") = (V;X)(dx"). (19)

In local coordinates, we have the expression

div(X'9;) = \/C;Tg&(Xis/det q). (20)

The product of a function f and a vector field X satisfies
div(fX) = X(f) + fdivX. (21)



The characterization of divergence as the trace of the covariant derivative allows us to define the
divergence of a (k, £)-tensor as the (k, ¢ — 1)-tensor
I'm pretty sure it’s this:

(divT)(w?,...,w" X1, ..., Xe) = te[(VT) (-, - w2, . Xy, X))

(divT)(X1,. .., Xe—1) = tr(Vr()

In particular TODO
This is from LeeRM, p. 149:
If F' is any smooth k-tensor field (covariant, contravariant, or mixed), we define the divergence of
F by
div F' = try(VF),

where the trace is taken over the last two indices of the (k + 1)-tensor field VF. (If F is purely
contravariant, then trgy can be replaced with tr, because the next-to-last index of VF is already an
upper index.)

In Lee’s notation, the last two indices are TODO

1.5.1 The codifferential

A useful operator in Hodge theory is d, the formal adjoint to d on one-forms. In particular, for a
function f and a form w, if we define §(w) = — div(w?), we have

(0w, f) = (w, df) (22)

where (0w, f) = [,,(0w) f dp, and (w,df) = [,, 9(w,df) dp. Another standard way to define ¢ is in
terms of the Hodge star operator and the exterior derivative:

Sa = (—1)""T" y dx (23)

1.6 The Laplacian(s)
The simplest version of the Laplacian is defined for functions f € C*°(M) by

Af = divgrad f.

The sign here is a matter of convention; our choice results in negative eigenvalues of the Laplacian.
This can be extended to act on tensor bundles. This operator is called the connection Laplacian,
the rough Laplacian, or the Laplace-Beltrami operator (especially when applied to functions);
there are other second order linear elliptic operators referred to as the Laplacian as well. We define
the rough Laplacian on tensors by A: D'(T}(M)) — I'(TF(M)) by

AT = divVT = tr, VT = ¢ V,;V,T,

where the trace is taken over the two new indices introduced by V2. In coordinates,

g 9,0
A=g" (axax Fw‘amk) (24)

10



For functions, this has the coordinate expression

1 0 i Of
Af = Jdes o (x/detgg]aﬂ). (25)

A(fh) = fAh+ hAf 4+ 2 (grad f, grad h) (26)
From this it follows that the heat operator 9; — A satisfies the product rule
(0r = A)(fh) = f(Or = A)(h) + h(0, — A)(f) = 2(Vf, Vh). (27)
If feC>®(M)and r: R— R, then
A(ro f)= ("o )AS + ("o /) [V I, (28)
A frequently useful special case of this is when r = log, so then we have

A 2
Alogf:Tf— |Vf]; .

We can get several Bochner-type formulas as a consequence of this next formula:

A(g(X,)Y)) =g(AX,)Y) + g(AY, X) +29(VX,VY). (29)

Ag(X,Y)=divV

There is also the Lichnerowicz Laplacian, which is defined for symmetric 2-tensors by (using a
local orthonormal frame {e;})

(ALT)(X,Y) = (AT)(X,Y) + 23 h(R(er, X)Y, &) — h(Re(X),Y) — h(X, Re(Y)).
In coordinates,
AL’Uij = Avij + QRMJ[’UM — Rikvj]g - Rjkvik- (30)

see [3] Appendix A4, and the Hodge(-de Rham) Laplacian on forms, and the harmonic
map Laplacian, see p. 85 of [3]. The Lichnerowicz laplacian on 2-tensors is formally the same as
the Hodge-de Rham laplacian acting on 2-forms.

The Lichnerowicz Laplacian commutes with the heat operator under the Ricci flow. See p. 110 of
Chow HRF.

The Hodge Laplacian is a family of maps —Ay : QP(T*M) — QP(T*M) defined by

—Ag =dé + dd.
If w is a 2-form, then
(Aqw)ij = Awij + 2Rikrjwre — Rikwij — Rjrwik.- (31)
On a 1-form w, we have a Bochner formula

Aw = Agw + Re(w). (32)

11



Given a map ¢ : (M"™,g) — (N™, h), the map Laplacian of ¢ is defined by

(80.06)7 = B (67) + ¥ (D(W) 0 6) 2 02
_ [ 9P 097 9o 9P

where {z'}, {y'} are coordinates on M and N respectively. Note that A, ¢ € C®(¢*TN).

Remark 1.1. Recall® that there is a canonical isomorphism Hom(V, W) = V* ® W. Recall also®
that we can think of the derivative D¢ of a map ¢ : M™ — N™ as a section of the vector bundle
E:=T*M ® f*TN. On E there is a natural metric and compatible connection V9" defined by (the
dual of) the Riemannian metric g, its associated Levi-Civita connection on T*M, the pullback by
f of the metric h, and its associated Levi-Civita connection on TN. So V9" D¢ is a section of the
bundle T*M ®g T*M @ f*T'N. The map Laplacian is the trace with respect to f of V9" D¢:

Agnd = trg (V9" Do) (33)
An important special case is when M = N, and ¢ = Id. Then the above equation simplifies to
(Ag.n1d)" = g7 (=T(g)i; + L (h))) (34)

See Lemma 3.1 of Patodi: curvature and eigenforms of the laplace operator for a formula for the
laplacian on forms (and some references).

1.7 Computations in special coordinates

Proofs of various identities can be simplified by choosing particular coordinate systems at a point.
The idea is that essentially all quantities we are interested in are independent of coordinates, so we
only need to prove an identity involving such quantities in a particular coordinate system, and it will
hold in general. Thus we are free to choose the simplest coordinate system for the problem.

1.7.1 Normal coordinates

The most common simplifying coordinates are normal coordinates, in which the metric becomes
the identity matrix at a given point p. We define these coordinates by taking an orthonormal basis
{e;} for T,M, and letting expp_1 : U — B.(0) be the chart map, where U 3 p and € are chosen to
make this a diffeomorphism. In normal coordinates at p, we have the following:

9ij(p) = 6i; (35)
If(p) =0 (36)
Igi;(p) = 0. (37)

The common practice of not bothering to raise or lower indices but still sum over repeated
indices as in the Einstein convention reflects the fact that we can perform computations using normal
coordinates. For example, we might write V,;X; to mean ), V;X;, since, in normal coordinates,

97V X =09V, X; = ViX;.
i=1

1From Section 3.1, for example.
2From section 2.2, for example.

12



1.7.2 Polar normal coordinates

Suppose we have a normal coordinate chart ¢ : V' — R" defined on a normal neighborhood V' of
p. For every choice of polar coordinates 6: &(V) — R"1 x RT, we get a smooth coordinate map
©=00 ¢ on an open subset of V'\ {p}. Such coordinates are called polar normal coordinates.
They have the property that the last coordinate function r is the radial distance function on V', and
the other coordinates are constant along the integral curves of gradr.

1.7.3 Fermi coordinates

Fermi coordinates generalize normal coordinates to tubular neighborhoods of a submanifold (the
model case being a geodesic). Given a k-dimensional submanifold S, let exp’ denote the restriction
of the exponential map to the normal bundle of S (called the normal exponential map). Given some
coordinates v for S, let {E1,..., E,_;} be alocal orthonormal frame for N'S. The coordinate map
1 and frame {E;} yield a diffeomorphism from a subset of R™ to a subset of the normal bundle given
by?

Bz, .. 2k ol 0T = (g Byl 0" TR E, k),

where 9(q) = (z',...,2%). By composing the inverse of the normal exponential map with the inverse
of this map, we get the Fermi coordinates.

Given an embedded k-dimensional submanifold S, let U be a normal neighborhood of S in M,
and let (2!,..., 2% v!, ..., 9" P) be Fermi coordinates on an open subset Uy C U. For convenience,
also write 2¥77 = vJ. Then the Fermi coordinates have the following properties, for any ¢ € P N Uy,

qgeEPNUy «— q=(z',...,2%,0,...,0), (38)
0 1<i<kand k+1<j53<n
9ij = 5 .. (39)
i p+1<1i,5<n.
ko .o
=0, p+1<i,j<n. (40)
Digir(q) =0, p+1<i,jk<n (41)

1.7.4 Coordinates adapted to a vector field

It follows from the local integrability of vector fields that, given a vector field X = X'9;, we can
choose coordinates so that X! =1 and X* = 0 for i > 1.

1.7.5 Harmonic coordinates

A coordinate chart (z!,...,z") is called harmonic if each coordinate function is harmonic with
respect to the Laplace-Beltrami operator:

Agaji =0.

3T'm actually leaving out a few details to the effect that we can without loss of generality define this and that on
the same neighborhood and so on. See the section on Fermi coordinates in [LeeRM] if you feel like you can’t live
without these sorts of technicalities.

13



1.7.6 Isothermal coordinates

These are a special case of harmonic coordinates on a surface, where the coordinate functions satisfy
the Cauchy-Riemann equations. In particular, the coordinate chart provides a conformal equivalence
between an open subset of the manifold and an open subset of R?. Such coordinate always exist
locally.

1.8 Cartan’s moving frames

See also some exposition in Volume 2 of Spivak and in [2].

We use generalized Einstein notation frequently throughout this section. Let {e;}? ; be a local
orthonormal frame field on an open subset of M. Let {w*}™ ; be the dual orthonormal basis for 7% M,
defined by w*(e;) = d%. For each 4, we define the connection 1-forms {w*/}%_; (corresponding to
e;) to be the components of the Levi-Civita connection with respect to e;. That is,

Vxe; = w7 (X)e;.

Equivalently, we could define

Wl = g(Ve, e, e5)0F, (42)
or N
w(X) = g(Vxei €;). (43)
These are antisymmetric in ¢ and j,
whl = —wh? (44)

and satisfy the first Cartan structure equation:
dw' = W AwPt = wh AW, (45)

By examining the proof of this equation, one can see that the first Cartan structure equation is just
the torsion-free property of the Levi-Civita connection expressed in the language of moving frames.
In particular, the torsion 2-form T* defined by T¢ = dw? — w’ A w?? is the ith component of the usual
torson tensor for the Levi-Civita connection.

We also have

dw’ (ei,e5) = whi (e5) — wj’k(el-). (46)
From this it follows that
_ 1 _ .
wl’k(ej) =3 (dwz(ej, er) + dw’ (e, e) — dwk(ej, e,;)) . (47)

Now we define the curvature 2-forms Q%7 by

- 1
(X, Y)e; = 3 Rm(X,Y)e;.

These measure the noncommutativity of taking two covariant derivatives. We could also define these

by (TODO: check the constant?)

|
Qb = 3 Ry jue wi A we, (48)
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so that N
Qv (ek, 6@) = Rmijkg . (49)

These satisfy the following, called the second Cartan structure equation:
04 = dw™T — Wik A Wk (50)
This gives us a way to compute curvatures. For example, on a surface M2, we have

dw' =W Aw?t, dw? =t Awh? QY2 =dw!?

1.9 Proofs
X(fY)=X(f) - Y + fX(Y).
Proof. For g € C>(M),
[(X(fY)(g) = X(f-Y(9))

(
=X(f)-Y(g9)+ [X(Y(9)
[(X(f)- Y+ fX(Y)](g)- -

X(rof)= ("o /)X(f)

Proof. This follows from the chain rule on R™. First consider the case where X = 0;. Let ¢ be a
chart about p € M.

9]
Qilp(rof)=5~| (rofoy™)
' Oz %(p)
9 (for™)
=r'(f®) 57| T
Oz %(p) Oz
=7'(f()0:f.

Then the general case follows by linearity. O
grad(fh) = fgrad h + hgrad f (3)

Proof. Recall that grad f is defined to be the vector field so that for all vector fields X,

(grad f, X) = X(f).
Now
(grad(fh), X) = X(fh)
= fX(h) +hX(f)
= f{grad h, X) + h (grad f, X)
= (fegradh + hgrad f, X).
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df = (8; f)dz’

Proof. This follows immediately, since

grad f = ¢"(9;f)0;
Proof. Recall that for any vector field X,
X =d2'(X)0; = X'0;.
So, writing in coordinates
g(grad f, X) = df (X)
gijda’ (grad )X/ = (O f)dz"(X)
gijdz’ (grad ) X7 = (9.f) X"
gijdz' (grad f) = (9; f)
dx*(grad f) = g (9 f)

grad f = g (9, ). O
dp=w' A Aw™ (8)
Proof. Nothing to prove here. O

dw = Z %dwi/\d;ﬂ“/\m/\dmik

0,015 0y0k

Proof. We use first the linearity of d and next its product rule.

dw=4d Z wil...ikdxil Ao A dzt®

Ty slk
= Z d(wi, .., dz™ A - A dx™)
01,050k

U1,e0000k

Z dwsy iy, Nz A - Adx® + (=1)Fw,, i d(dz™ A - A dz'),

But now since d? = 0, the second term is 0, and by the expression (4) for the differential, the result

follows.

O

dw(X,Y) = Xw(Y) - Yw(X) — w([X,Y]).
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Proof. By definition,

(dz* Ada?)(X,Y) = ( > sgn(o)(da’ @ da’) o 0> (X,Y) = XY - XIY*

g€Ssy
the left hand side is

dw(X,Y) > dwida’ Adad | (X,Y)
i,j<n
= Ouw;( XY — XIYY)

i,J

On the other hand, note that
Xw(Y) = X'0;(w;da? (Y*0y,))

= Xi@(ijj)

= X'Y70;(wj) + X'w;0;(Y7),
and

w([X,Y]) = w(X'0;(Y79;) - Y 0(X"0y))
= w(X'0i(Y7)d; — Y 0L (X")0y)
= X'w;0:(Y7) = Y w0 (XY).

so the right hand side becomes

Xw(Y) - Yw(X) —w([X,Y]) = X'V70;(w;) + X'w;0;(Y?) — YEX O (wy)

— XPw,0,(Y) + Vw0, (X®)

— kaZak (YZ

= X'Y90;(wj) — YFX O (wp). O
k . ~
(dw)(Xo, ..., Xp) = > (-1 X;w(Xo,..., Xj,. .., X) (11)
j_
+ Y (D) (X, X)L X, Ky X X
0<i<j<k
Proof. TODO O
Lx(w)(Xl,...,kal):w(X,Xh...,Xk,l) (12)
Proof. In coordinates,
ix (W) (X1, Xpm1) = ex (wiy g da™ Ao Ada™)(Xa, .., Xi—1)
TODO -
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Proof. Note that by property (ii) defining the interior product,
ix (WA AW = ix (W AWEA - AWE F (—Dwt A (WP A A WP,

and the result follows by induction (and by property (i), which says ¢x (w) = w(X) for 1-forms w). O

* (WA AW =W A AW (14)
Proof. In this case we have

<w1/\~--/\wk,w1/\-~-/\wk>dV01:dV01
= (WA A A (WA AW,

which establishes the result. O

2 2 (C1ynh), (15)
Proof. Tt suffices to prove it on a basis for /\kTpM . In particular, let {w®}? ; be a positively oriented
orthonormal coframe (basis for 7,y M). Then recall that

{Wr A AW 0 <y < < <}
is a basis for A*T,M. For a multi-index I = (i1, ...,ix), let w! = w’ A+ Aw'*. Since

ok (WA AWF) = (WL A AW,
and

WA AW AR A AW =W A AWY,

it is not hard to see that the result holds when I = (1,...,k). It is also not hard to see that
x % w! = +w’; the point is just to figure out what the sign must be. It suffices to show that the sign

only depends on n and & (and not I).
TODO O

wd = (=1)FL5, wgpqd® = (=1)FFLen Ry, (16)
Proof.

5nik*k _ (71)(n7k)n+n+1 xd*x = (71)(n7k)n+n+1(71)k(n7k) xd = (71)k+1 sd

%0 = (—1)%dx, sp_ 107 = (=1)kd" ks (17)
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Proof.
%5 = (_1)k¢7l+7l+1 * %k = (_1)nk+n+1(_1)(71—k+1)(k—1)d* — (—1)kd* )

0
*A = Ax (18)

Proof. TODO O
divX = tr VX = (VX)(0;,dz") = (V;X)(dx"). (19)

Proof. TODO O
div(X'9;) = ! 9i(X*y/det g). (20)

vdet g
Proof. Apply Cartan’s formula (56) and the definition of the divergence as the quantity satisfying
d(exdp) = div X dpu.
TODO: idk what this is supposed to prove but it’s not right O

div(fX)=X(f) + fdivX (21)
Proof. One can prove this using coordinates, but there is a nicer way.

div(fX) = tr[Y = Vy (fX)]
Y = (Y (/)X + fVyX)]
=trlY = Y(f)X] + ftr]lY — VyX]
= (%:i(/)X)(da') + f div X
= da' (0;(f) X"y + fdivX
=0;(f)X" + fdivX
=X(f)+ fdivX. O

=1tr

(0w, f) = (w,df) . (22)
Proof. First observe that from (21), we get

—6(fw) = wH(f) = fow.
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Using the definition of divergence of w! as the quantity satisfying d(t,,¢du) = divwidu = —dwdpu, we
have

(rw) = [ fowdy

= [ (6(f0) + () dn
M
— [ wrdat [ W) du
M M
— [ )
M
~ [ stdr.w)
M
= (df,w). O
Sa = (—1)""T" y dx (23)
Proof. Here we’ll prove the equivalence of the adjoint definition of § and the definition above. Check
for a missing factor of p. TODO O
iy 0? 0
A =g Ik~ 24
g <8x18xﬂ Y ax’“) (24)
Proof. This follows immediately from (78). O
1 0 L Of
Af = ——=—(V V. 2
! Vdet g 0z* < det g9 8m3) (25)

Proof. This follows immediately from the coordinate expression for the divergence and grad f. [

A(fh) = fAh+hAf + 2 (Vf,Vh) (26)
Proof.
A(fh) = divgrad(fh)
= div(f grad h + hgrad f)
= div(f grad h) + div(hgrad f)
= (grad h)(f) + f div(gradh) + (f < h)
= (grad h,grad f) + fAR+ (f < h)
= fAh+ hAf + 2 {grad f,grad h) . O
(Or = A)(fh) = f(Or — A)(h) + h(By — A)(f) = 2(V [, Vh). (27)
Proof. TODO O

20



Alrof)=(r"o )AL + ("o [V (28)
Proof. By definition, and using (2) to evaluate terms like 9;(r o f),
A(ro f)=g7V(ro f)
=g7(Vi(Vi(ro f)) = Vvia,(ro f))
= g"(8:0;(r o f) - T} 5k(7“0f))

(0:0
= g9 0i((r' o £)3;f) = TE(r" o ) f)
=g ((r" o [)0:f0; f + (r' 0 £)3:0;f — (r' o f)TL0kf)
=g (1" 0 [)0; fO; f + (' o f)Af
= ("o f)IVfIP+ (' o fIAS. 0
A(g(X,Y)) =g(AX,Y) + g(AY, X) + 29(VX,VY). (29)

Proof. This can be done in normal coordinates. A slightly more invariant approach (that still uses
an orthonormal frame) is to observe that, using the formula for the Hessian of a function,

V2(g(X,Y))(a, B) = a(B(9(X,Y))) = (VaB)(9(X,Y))
=a(9(VpX,Y) + 9(X,VpY)) = 9(Vyv,5X,Y) — g(X,Vy,5Y)
= g(VaVsX,Y) + g(VsX, VoY) 4+ g(Va X, VsY) + g(X,VaVsY)
- 9(Vy, sX,Y) - g(X,Vy,5Y).

Now applying this to normal coordinate basis vectors gives the result. O

Apvi; = Avij + 2Ry 5000 — Rigvji — Rjpvig. (30)
Proof. In orthonormal coordinates,
Apvij = (Apv)(9;,0;)
= (A)(0;,05) + 2> v(R(0k,0:)0;,0k) — h(Re (D), 05) — h(0;, Re(0))

k
= Avjj + 20(Ry,;;0s, 0) — v(Re) Ok, 0;) — v(0;, Rel Ok)

= Avjj + 2Rpijevre — Rinvjr — Rjrvi. O
(Aqw)ij = Aw;j + 2Rikrjwie — Rikwr; — Rjrpwik. (31)

Proof. First observe that, by (11), in normal coordinates,

(dw)iji = (dw)(9;, 05, Ok)
= O;w(0;, 0k) — 0jw(0;, O) + Orw(0;, 05)
= Viwji — Vjwij + Viwi;

TODO: finish O
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Aw = Agw + Re(w) (32)
Proof. hello TODO

Agno = trg (V9" Do) . (33)
Proof. Let z* be local coordinates on M, with frame {9;} and coframe {dx'}, and let y be local
coordinates on N with frame {9y~ } and coframe {dy®}. If ¢* =y o ¢, then

3(;50‘

D¢ = 5 —da? @ Oy

Let VM, V¥ be the Levi-Civita connections of g on TM and h on TN, respectively. Then their
Christoffel symbols are
VY0, =150k, VY0 =H] 50,

On T*M we have VMdz) = ffgkdx (TODO: check this). By (63), the pullback connection ¢V has
coefficients
ol

Now we have connections on T*M and f*TN; the product connection V9" on T*M ® f*TN is
defined by

OV 5 Oye

VIt = VM @Id+1d @ (V).

Now we can compute

Vit D = v (gﬁjdﬂ ®aya)
09°
= g (4 ©0ye) +

0™

¢ ) o> .
ax] (Vé\{dxj) ® aya + Tdfﬂj & (¢VN8 a)

_ O™ D¢ 0"
- axiamj(dxj@wya)*W( Dludzt) © 9y + 570 ® (a 7 (Hiq 00)0y1

(09~ g™, 9™ 9’ ;
B (W&TJ 22 i T 7 B = (Hp, 09) ) (do? @ Oye)

In particular, we have shown that

82(;504 ’ 8¢a N 8¢m a¢k
Oxidxi Y ozt + (Him 0 0) OxJ Ozt

One can check that this is symmetric in ¢ and j. O

(Vo' Do) =

(Ag,pId)F = g¥ (—F(g)fj + F(h)i‘fj) (34)

Proof. This follows immediately from the definition of the map Laplacian. O

9ij(p) = dij (35)
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Proof. Recall that d(exp,)o = Id.

0 0 0
ozt (expp)o (8el 0) det’
from which (35) follows. O
L(p) =0 (36)
Proof. This follows immediately from (35) and the definition of T". O
Ikgi;(p) =0 (37)
Proof. We have
Okgij = Ong(0;, 0;)
= 9(0k0;,95) + 9(0i, 01,0;).
Since 0; are coordinate vector fields, 0;0; = 0, so the proof is done. O
qgeEPNUy < q=(z',...,2%,0,...,0), (38)
Proof. TODO O
0 1<i<kandk+1<j<n
gij = s .. (39)
i p+1<14,5<n.
Proof. TODO O
Proof. TODO O
9i9ix(@) =0, p+1<ijk<n (41)
Proof. TODO O
wh = g(Ve,ei,e)w” (42)
Proof. The first definition tells us that Vg, e; = (w)ye;, and so
9(Vay,eirer) = (W)
But this is equivalent to the second definition. O
W (X) = g(Vxei, e)). (43)
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Proof. TODO O

Wil = —dt (44)

Proof.
w =Ty, = —Tj; = —w". O
dw' = W AW (45)

Proof. Recall the identity (10):
dw(X,)Y) = Xw(Y) - Yw(X) —w([X,Y]).
Applying this with w = w?, X = e, and Y = e;, we get

dus(en, e0) = ex(w(er)) — eolw (ex)) — w (ep, )
=er(6)) — er(6)) — w'(Ve,eo — Ve,er)
= —w'(Thees = Thes)
= Ty + T
= Fii - FZ',

where in the last line we used 69 On the other hand, the right hand side becomes

(W A w) (e, e0) = w7 (ex)w’ (ed) — w7 (eg)w? (ex)
= g(Vekei7 ej)ég - g(vezei7 ej)(si
=g(Ve,ei,e0) — g(Ve,€i, )
=Ty, — T} m

dw’ (e;, ej) = whd (e5) — wj’k(ei). (46)

Proof. First observe that since V., e; = w' (ex)e;, we have that w’(V,,e;) = w"*(e;). Using this
fact and the definition of the exterior derivative,

dwk(% €j) = eiwk(ej) - ejwk(ez') - Wk([% Ej])
= fwk(Veiej - Vej 61‘)

= —wh*(e;) + w"F (e;). O
. 1 . .
Wik (e;) = B (dw'(ej, ex) + dw’ (e, ex) — dw®(ej, €;)) - (47)
Proof. Write out each term of the right hand side using (46), and use antisymmetry to cancel/combine
terms. =
1
Qi = 3 Rmyjpe wi A wy
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Proof. TODO O

Qi’j(e;w eg) = Rmijkz . (49)
Proof. Simply note that, since Rm;jre = — Rm;j4,, we have
1
Qi j(ens ee) = 5 (Rmijpq wp A wq)(er, er)
1
~ 3 Rimijpq (Opkdqe — Opedgr)
1 1
=3 Rmy;xe 3 Rmg s,
= Rmijkg . O
QI = dwhI — W A Wk (50)

Proof. We give two proofs, respectively using the different definitions of Q»I. If we know that
QW = —% Rm;jre wi A we, we proceed as follows. From (42), we have that w; ;j(er) = g(Ve, €, €;).
By taking the exterior derivative of both sides (thinking of the right hand side as the covector
X — g(Vxe;,e;)), and using (10), we have
dw™ (ex, ep) = epw™ (eg) — egw™ (ex) — w7 ([er, ex])

= dg(vei7 ej)(ek7 €g)

= erg(Veseire;) —eeg(Vepeir ej) — 9(Vie, en€is €5)

=9(Ve, Veseie5) +9(Ve,i, Verej) —g(Ve, Ve, €5, €5)

—9(Verei, Veye) = 9(Vie, en€is €5)-

Observing that w"?(ep)w??(ex) = g(Ve,€i,€p)9(Ver€jyep) = g(Ve,€:, Ve, €5), we continue

=9(Ve, Ve,ei = Ve, Ve i — Vie, e€is€5) + wi7p(eg)wj’p(ek) - wi’p(ek)wj’p(eg)

= Rmkh—j +(wi’p AN w-j’p)(eg, ek)

= Rmyjpe —|—(wi’p A wp’j)(ek, er)

= (Y 4w A wPT)(ey, ef)

TODO: the other version O

2 Bundles

2.1 Fiber bundles

A fiber bundle over a topological space X is a way of associating a topological space to each point of
X. Put another way, it is a “larger” topological space that locally looks like a product X x F' for
some space F'. In particular, a fiber bundle is described by data (E, X, m, F'). We call E the total
space of the bundle, 7 : E — X the bundle projection, and the space 7—!(x) ~ F the fiber (at
x). We require the following local triviality condition: for every x € X, there is a neighborhood U
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of x and a homeomorphism ¢ : 7=1(U) — U x F such that proj;; op = m. We call (U, 7) a local
trivialization around x.

A section of a bundle maps each point of the base space to some element of the fiber at that
point.

2.1.1 Pullback bundle

If (E,Y,ny,F) is a fiber bundle, and f: X — Y is a continuous map, then there is a bundle over X
induced by f, called the pullback bundle. The fiber over a point z is just the fiber 7=1(f(z)). In
particular, the pullback bundle f*F is the space

ffE={(z,e)e XxE| f(x)=m(e)} CXxXFE

with the subspace topology and the projection map wx : f*E — X given by projection onto the
first factor. If (U, ¢) is a local trivialization for E, then (f~1(U),1) is a local trivialization for f*E,

where ’(/J(J,’, 6) = (xvpr0j2(<p(e))>'
Moreover, a section o of F over Y induces a section of f*F. called the pullback of ¢, by defining

fro(@) = (z,0(f(2))).

2.2 Vector bundles

In Riemiannian geometry we very frequently deal with a special case called a vector bundle (over a
manifold). This is when the base space X is actually a manifold, and the space at each point is a
vector space of fixed dimension. The prototypical example of this is the tangent bundle.

Definition 2.1. A (smooth) vector bundle of rank n has data (E, M, ), where E (called the total
space) and M (the base space) are smooth manifolds, and 7 : E — M is smooth. Moreover, each
fiber 7=1(p) is an n-dimensional real vector space, and the following condition, called local triviality,
is satisified: for each p € M, there is a neighborhood U and a diffeomorphism ¢ : 771 (U) — U x R"
such that for every ¢ € U, m|;-1(g) : 7 1(q) — {q} x R™ is a vector space isomorphism.

There are two notions of a bundle map that are closely related but worth distinguishing. The
first is when we have two bundles over a common base.

Definition 2.2. If 7; : Fy — M and 7y : E5 — M are bundles over a common space M, then a
vector bundle homomorphism from E; to E5 over M is a continuous map ¢ : Fy — E5 such that

(1) mp 09 =m, and
(2) for any point & € M, the map ¢ : 7y '(x) — 7, ' (z) is a vector space homomorphism.

More generally, if we have mp; : Epy — M and ny @ Exy — N, then a continuous map ¢ is a
vector bundle homomorphism if there is a continuous map f : M — N such that

(1) fomy =7n 0@, ie. that the following diagram commutes.
EM L) EN
[ ]

M—1 N
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(2) for any point 2 € M, the map ¢ : 7, '(x) — 75 '(f(z)) is a vector space homomorphism.
We call ¢ a bundle map covering f.

It follows immediately from the definitions that a bundle map over M in the first sense is a
bundle map covering the identity map on M in the second sense. Conversely, general bundle maps
can be thought of as bundle maps over a fixed base space using pullback bundles. A bundle map
from Ej; — En covering f is equivalent to a bundle map from Ey; — f*En over M.

2.2.1 Tangent bundle

At each point p of a n-dimensional manifold M, the tangent space T, M is a vector space of rank n.
These vector spaces can be put together to form a vector bundle, called the tangent bundle, denoted
TM. Two things that make this bundle interesting are that smooth sections of the tangent bundle
are vector fields, and if f: M — N is a smooth map between manifolds, then its derivative D f is a
map Df : TM — TN. We can also consider it as a map Df : TM — f*TN (see the remarks on
bundle homomorphisms).

2.3 Principal bundles

Another useful construction is a principal bundle; in this case we have a fiber bundle and a group G
with a continuous right action on the bundle that preserves the fibers and acts freely and transitively.
In this case the fibers are homeomorphic to G. A common example here is the frame bundle of a
vector bundle.

Principal bundles may not have global sections. In particular, a principal bundle is trivial (i.e.
has a global product structure) if and only if it admits a global section.

2.3.1 Tangent frame bundle

The frame bundle is a principal bundle where the fiber at a point p € M is the set of all ordered
bases (frames) for T, M, and the group that acts is the general linear group GL(n,R). The action is
by change of basis. More generally one can construct a frame bundle corresponding to any vector
bundle.

2.3.2 Orthonormal frame bundle
3 Tensors

3.1 Tensor products

Given two vector spaces V and W over R, their tensor product is another vector space V @ W,
with the characterizing property that there is a bilinear map

R:VXW VW

such that for any bilinear map B : V' x W — U (where U is a vector space), there is a unique linear
map B:V ® W — U so that the diagram commutes:

Veow

of N2

VXWTU
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In particular, if {e;}7_,, {fi}iX, are bases for V, W respectively, then {e; ® f;}ij<mn is a basis for
Vew.
IfA:V -V and B: W — W' are linear maps, we can define their tensor product by

AB: VoW =V oW, (A®B)(vew)=A(v)® B(w).

(Technically we have only defined it for tensors of the form v ® w for some v,w € V, W but this
definition extends linearly.)

An important isomorphism. There is a canonical isomorphism
V* @ W = Hom(V, W).

This is given by (the linear extension of) the map
a@w = [v— alv)w].

We are also often interested in a related product, the symmetric tensor product.

3.2 Tensor types and indices

In general, one can construct tensors on any (finite-dimensional) vector space (and its dual and
tensor products of these), but we’ll focus on the case where the underlying spaces are tangent spaces
and their duals.

An (s,t)-tensor T is a section of (TTM)®' @ (T*M)®*. That is, it is a product of ¢ vectors and
s covectors, meaning that it takes ¢ covectors and s vectors as input, so it has s lower (covariant)
indices, and ¢ upper (contravariant) indices. To add to the confusion, recall that we can think of
a (1,1)-tensor either as an object that takes a vector and a covector and returns a scalar, or as an
object that takes a vector and returns a vector. This generalizes: a (k, ¢)-tensor can also be thought
of as an object that takes k vectors and returns (a tensor product of) ¢ vectors. Sickeningly, not all
authors agree on the convention for the roles of k and ¢; for example some would call a (k, £)-tensor
what others would call (¢, k).

An (k,0)-tensor is called covariant, and a (0, £)-tensor is called contravariant. For example,
forms are covariant, and vectors are contravariant. The terminology relates to how the components
change under a change of basis. If we scale some basis vectors by a factor of C', then the components
of a vector with respect to that basis scale by a factor of C~!; hence contravariant.

In the presence of a basis, a tensor can be specified by its coordinates. For example, we could
specify a form on R? by (z,y) + 2z —y. This is the form A;dz®, where i = 1,2 and A; =2, Ay = —1.
A linear endomorphism on a vector space has the form A;- 0; ® da’; this is commonly represented by
the matrix of values A%. In general, if (e;)i<, is a basis for a vector space, and (€');<,, is a basis for
its dual, a tensor (of type (p, ¢)) might look like

A=A e ® - Qe, R Q- Q€.

Most of the time the horizontal position of the indices does not matter, but in general it can have
some significance. We usually say that for a tensor, either all the “covector inputs” should come
first, and then the “vector inputs” (or possibly the other way around for some authors), so we don’t
need to worry. However, we could have a tensor with nonstandard order of inputs, like some linear

combination of e; ® €/ ® ey,. In this case, we would write

Azjkei Q€ R ey.
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We denote the set of (k, £)-tensors by
T =T(TM @ @*T*M),

since, as mentioned above, the components of such a tensor have k lower indices and ¢ upper ones.

3.2.1 Type changing with the metric

The Riemannian metric provides an isomorphism between T'M and T*M. In particular, if X is
a vector in T, M, then defining X* by X*(Y) = ¢g(X,Y), then X’ is a covector in T,M. To go
backwards, if we have some covector w € T,y M, if we define wf to be the unique vector field that
satisfies g(w#, X) = w(X), we get the inverse mapping. For those not familiar with music theory, the
notation for these objects (which, after it’s been defined, is hardly ever used) comes from the fact
that flat (b) means lower in pitch, and turning a vector X = X'; into a covector w = w;dz* involves
lowering its indices (and of course the opposite holds for the sharp (f) notation which turns covectors
into vectors).

For any |k| < min{s,t}, we can make T into a (s — k,t + k)-tensor by using these natural
isomorphisms. So in the tensor product above, we can replace TM’s by T*M’s arbitrarily, and
thereby get any sort of tensor we want with rank s + ¢.

In coordinates, we can write (given a frame E; and the coframe &%),

T“m“jl...js E,®  QF,® gjl Q- ® gjs.

TODO: check/fix the s and t’s in the section.

Then to make T" a (s + 1,t — 1)-tensor, replace some E;, by gikjgj to get

Ti1<.-ik—1j ik+1~--isj1mthi1 QR é‘] R ® Eis ® é‘]l R ® é‘jt7

where o _ o
T’lelk_lj Z)H—l.“zsjl'“jt = giij“M“jLnjt
TODO: I think the s and t are wrong here
For an explicit example, see the section on the Ricci tensor.

3.3 Contractions and traces

TODO: this section needs help; see Andrews-Hopper p. 22 and Lee p. 395. Don’t forget that these
have different notation for tensor indices.

Given a (k, £)-tensor T, where k, ¢ > 1, we can form various (k — 1,¢ — 1)-tensors by tracing T;
that is, by evaluating one of the covector factors of T" at one of the vector factors. Specifically, there
are k¢ different traces we can take, since we can evaluate any of the covector fields at any of the
vector fields. In the case where T is a (1,1)-tensor,

tr(T) = (T B; @ ¢9) = T, €9(B;) = T, 6) = T,

More generally, if 7' is a (k, £)-tensor, and we evaluate the a'® factor of T at the b'" factor of T', we
have, for vector fields X, ..., Xx_1, and covector fields wy,...,wp_1,

(trab T)(wl, - ,Wg_l,Xl, - 7Xk—1)
= tr[(va) — T(wla sy Wa—1,W, Wa41, - - 7w€—17X1a s 7Xb—€—17X7 Xb—@-i—lv s 7Xk+1)}
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where on the right hand side we are now just taking the trace over a (1, 1) tensor again. In coordinates,
this is just

_ pi1eepeie
trop T'=T i

Oiy =01 s,

as1 aigdle e dx]b—é—ldm]b—€+l e d:fjk.

Using the isomorphism induced by g between TM and T*M (see the previous section), we can
take the trace over any pair of indices of any tensor (with rank at least 2). The idea is, given a pair
of indices, if they are both covariant or both contravariant, we can isomorphically replace one or the
other by its covariant or contravariant dual under the metric. Then we have reduced to one of the
cases discussed previously. A useful example is the divergence of a 1-form w, which can be defined as
the trace of the (2,0)-tensor Vw.

TODO

The norm squared of a tensor can be compared to the square of the trace. In particular, if T is a
(1,1)-tensor, then

n|T|* > tr(T)>2. (51)

3.4 Pullbacks and pushforwards

3.4.1 Pushforward of a vector field

If F: M — N is a smooth map, then for each p € M, the derivative F, (also called the pushforward
of F), is a smooth map Fi|, : T,M — Tr,)N. Thus, if we have a vector field X on M, there is a
vector field F, X on N defined pointwise by applying Fy to X.

3.4.2 Pullback of a (k,0)-tensor

If F: M — N is a smooth map between manifolds, and £ € T2(M) is a tensor field on N, then
there is a tensor field on M induced by F', called the pullback of £. This is defined by the following
identity, for a point p € M and vector fields X; (although on the right hand side we omit the p).

(F*g)p(le .. an) = g(F*Xl, . -7F*X]€),

3.5 The induced metric on tensor bundles

Suppose we have a metric g on some bundle 7 : E — M. That is, we have a section of E* ® E* such
that at each point p € M, g, is an inner product on the fiber F,. Then the metric on F defines a
bundle isomorphism ¢4: F — E* by

(&) tn—= gp(§m), &n € Ep.
Moreover, there is a unique metric g on E* such that 1,4 is a bundle isometry:

9(tg(§),t9(n) = g(&;m), &€ Ep.

So we see that a metric extends to tensor duals. It also extends to tensor products. Given bundles
FE4, E5 with metrics g1, go,

9=n®g € N((E] @ EY) @ (B3 ® E3)) =T ((E1 @ Ep)* @ (Ey @ E3)")
is the unique metric such that

9(&1 @1, &2 @n2) = g1(81,82)92(11, M2)-
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The induced metric on a tensor product of dual bundles agrees with the induced metric on a dual
bundle of a tensor product. So, starting with a metric on the tangent bundle T M, we get metrics
(all denoted g) on all the tensor bundles 7;X. We can write this in coordinates in the following way.
For S,T € T;*(M), we have (at a point p),

__ _aiby asb arb 41...1 J1---Je
g(S7T) = gibrgazba ... gan kg’iljl '"giﬁ.jzsallmszTbl...bk'

3.6 Proofs
n|T]> > tr(T)2. (51)

Proof. This follows from (a corollary to) the Cauchy-Schwarz inequality:

4 Lie Derivatives

Let X,Y be vector fields, and let ¥, = ¥ x; be the flow of X, so that ¥,(z) is the point that x is
“flowed to” by X after time ¢. Then DV, is an isomorphism between T, M and Ty, M. (Note
that in this case the pullback is the inverse of the differential, so it does not matter if we use the
pullback or the inverse of the pushforward.) What we get is that (DW¥;|,) ™" (Y, () is an element of
T, M for each t, so we can differentiate this at ¢t = 0. With these remarks in mind, we define the Lie
derivative of Y along the flow of X to be the vector field

d
Y), = &
(LxY) g

. (D)) (Yo, () -

There are many different notations for the quantities in this equation. It is usually written more
concisely, e.g. as

LxY = (T:Y).

t=0

d
dt
Define the Lie bracket of vector fields by

(X Y)(f) = XY () - Y (X)),

then
LxY =[X,Y]=VxY -VyX. (52)

TODO: look at time-dependent families of diffeomorphisms and their derivatives a bit more
generally
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4.1 Lie derivatives of tensor fields
If X is a vector field and « is a tensor field, we define (TODO: make sure the notation is consistent;

this came from Lee)

d « . d(mt);(a\h(p)) — Qp
(Exaly = |~ (wa), = lim t -

Note that d(V;);(aw,(p)) is the value of the pullback tensor field ¥y at p.
For vector fields V, X1, ..., X}, and a covariant tensor field A in 7,2(M),

k
(‘CVA<X1a s 7X]€)) = ([’VA)(XM s 7Xk7) + ZA(le s 7£VXi7 s 7Xk7)’ (53)
i=1
From this it follows that
(Lxg)(Y,Z) =g(VyX,Z) +g(Y,VzX) (54)

In particular, we have
(CXg)ij = Vin + Vin

and in more particular, for a function f,
Lyig=2V%f,  (Lvsg),; =2ViV,/[.

From this we get that
Ly (df) = d(Lv [). (55)
Cartan’s formula states that for any differential form w and any (smooth) vector field V,

Lyw = 1y (dw) + d(tyw). (56)

We have the following product rules for a Lie derivative of a wedge product or a tensor product. If
V is a vector field and «a, 8 are forms,

Ly(anB)=(Lva)\B+an(Lyp). (57)
If V is a vector field and A, B are tensor fields,
Ly(A®B)=(LyA)® B+ A® (LyB). (58)

There is also the following identity for the interior product. For a differential form w and vector
fields V, W,
Ly (tvw) = v (Lww) + tpw,vw. (59)

If p: N = M is a diffeomorphism, X is a vector field, and « is any tensor,

*

¢ (Lxa) = Lox(pra) (60)
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4.2 Killing fields

A vector field X is called Killing if £xg = 0. This is the same as saying that the flow of X generates
a l-parameter family of isometries of (M, g). Moreover, the Lie bracket of any two Killing vector
fields is Killing, and if (M, g) is complete, then any Killing field is complete. It follows that the
Lie algebra of Killing vector fields is naturally isomorphic to the Lie algebra of the Lie group of

isometries of (M, g).
The following identity holds for any vector field V/,

1
AV 4+ Re(V) =div(Lyyg) — iv tr(Lyvg), (61)
1
AV +Re(V) =div(Lyg) — §Vtr(£vg), (61)
Proof. TODO 0
which for Killing fields implies that
AV +Re(V)=0 (62)
AV +Re(V)=0 (62)
Proof. TODO O
4.3 Proofs
[,XyZ[X,Y]ZVXY—VyX. (52)

Proof. Consider the action of LxY on a smooth function f. Note that by the chain rule and the

fact that Idp,pr = U_x 0 Uy,
DV _x tlwx  (2) © DV x t]e = Idr, M,
so (DU x,l,)"t = DV _x t|wy ,(2)- By definition of the derivative,

(DV_x il (Y))f = Yl]wx @) (f 0 Uoxt)-

Then
LxY|:(f) = % ((D\I/X,t|$)71(Y‘I’X,t(x))) |t:0
= Vi (Fo ¥ x)
TODO =
k
(LvAX1, ..., Xk) = (Lv A) (X1, Xk) + > AKX, Ly X, X (53)
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Proof. TODO O

(Lxg)(Y,Z) = g(VyX,Z) +g(Y,VzX) (54)
Proof. By (53) and (52),
(Lxg)(Y,Z) = Lx(9(Y,2)) — 9(LxY,Z) — g(Y,Lx Z)
=9(VxY,2)+g(Y,VxZ) - g([X,Y],Z) — g(Y,[X, Z])
=9(VxY,Z) +g(Y,VxZ) —g(VxY,Z2) + g(Vy X, Z) — g(Y,VxZ) + g(Y,VzX)

Proof. By (?7),

(
= V(X(f)) = df(V(X) = X(V))
=XV (/)
= X(Lv /)
= d(Lv f)(X)
O
Lyw =ty (dw) + d(tyw). (56)

Proof. We'll prove that it holds for k-forms by induction on k. The base case is a 0-form f € C*°(M).
Then the right hand side becomes V(f) since vy f = 0 by definition. So we see that the result holds
in this case.

Now let k£ > 1 and suppose Cartan’s formula has been proved for forms of degree less than k. Let
w be an arbitrary smooth k-form, written in local coordinates as

w = g wrdz"™ A - ANdx'.
I=iy <---<iy

Writing u = ' and 8 = wydxz™ A --- A dz', we see that each term in this sum can be written
in the form du A 8, where u is a smooth function and 5 is a smooth (k — 1)-form. By (55),
Ly (du) = d(Lyu) = d(Vu). Using this fact and the product rule (for wedge products),

Ly(duAB) = (Lydu) A B+ duA (Lyp)
=d(Vu) A B+ du (vv(dB) + d(evB))
=d(Vu) A B+ duA (v (dB)) + du A (d(ey B))
= —(Vu)dB +d(Vu) AB+duA (ty(dB)) + (Vu)dB + du A (d(tyB))

Now, using the definition of the interior product (see 1.4.3)
w(—duNdp) =y (—du) NdS — (—du) A vy (dB) = —wy (du) AdB + du A vy (dB)
TODO: finish O
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Ly(anp)=(Lva) AN+ aA(Lyp). (57)

Proof. TODO O
Ly(A® B)=(LyA)®@ B+ A® (LyB) (58)

Proof. TODO: See LeeSM, p. 322. The idea is to pick the right coordinates for which this follows
from the ordinary product rule. O
ﬁw(bvw) =ly (Eww) + LW, V]W- (59)

Proof. This would follow once we have shown (60), since the wedge product is a linear combination

of tensor products.
I think maybe we can also do this straight from the definition of the Lie derivative TODO O

¢ (Lxa) = Lo-x(pra) (60)

Proof. TODO O

5 Connections on vector bundles

A connection is exactly what is needed to differentiate sections of a vector bundle in the direction of
some tangent vector (field) on the manifold. The special case that arises most often in Riemannian
geometry is the Levi-Civita connection, which is the unique connection on the tangent bundle
(meaning we can differentiate vector fields) which satisfies certain compatibility properties with the
Riemannian metric.

Let E be a vector bundle over M. A connection V on E is amap V : T'(TM) x I'(E) — I'(E)
(written as (X, &) — Vx¢&, and we think of the first entry as specifying the direction in which to take
the derivative of the second entry) that satisfies the following properties.

(1) C* linearity in X:
Vxiv€=Vx{+ fVyE.

(2) R-linearity in &:
Vx(rf) =rVx&.

(3) A product/Leibniz rule in &:

Vx(f§) = X(f)- £+ VxS

The connection coefficients of such a connection can be defined with respect to a given local frame
{&} for E by the equation
Vi§; = I‘i’cjfk-

In the case where E = T'M, these coefficients are just the Christoffel symbols T'¥

ij
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5.1 The pullback connection

Let V be a connection on E over N, and f : M — N a smooth map. For £ € T'(E), define the
restriction {; € I'(f*E) by
§r(p) =&(f(P) € Efp) = (f7E)p,

forallpe M.
There is a unique connection /V on f*E, called the pullback connection, such that

fvv (ff) = Vf*vf

for any v € TM and & € T'(E). This definition isn’t quite complete; not every element of T'(f*E) is
the restriction of some section of E. For arbitrary £ € T'(f*E), fix p € M and choose a local frame
o1,...,0% about f(p) for E. Then we can write £ = £'(0;) ¢ with each £ a smooth function defined
near p, so the rules for a connection together with the definition of pullback connection give

fvvf = fvv(gl(gl)f)
= IV (03) 5 +0(E)(04)s
= &'V 00 +0(E)(04)

If 9; is a local frame for TM and &; is the pullback of some local frame for TN (so that &; is a local
frame for f*T'N), we can describe the pullback connection in coordinates by

¢
Vo8 = %(F’Zj o f)&k- (63)

Note that for a metric g on E, if g is compatible with V, then fV,(gf) = V,,g = 0, meaning that
fV is compatible with the restriction metric g -

We also have that the curvature of the pullback connection is the pullback of the curvature of the
original connection, i.e.

Rig(X,Y)¢r = (f"Ry)(X,Y)E, X, Y e(TM),£ €T(E). (64)

5.2 Connections on product structures

A useful special case is when we are given a connection on the tangent bundle TM. Then by requiring
a few properties to hold, this connection extends to a unique connection, denoted V, on the tensor
bundle of M (which can be thought of as formed by taking arbitrary duals and products of T'M).
The properties are:

(1) On TM, V agrees with the given connection.
(2) On C°°(M) =TM, V is the action of a vector as a derivation:
Vxf =X/,
for any smooth function f.
(3) V obeys the product rule with respect to tensor products:
Vx(F®G)=(VxF)®G+F® (VxG),

for any tensors F' and G.
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(4) V commutes with all contractions:
Vx({rF)=tr(VxF),
for any tensor F'.
We say that a connection is compatible with the metric if it additionally satisfies

(4) metric compatibility:

which can also be stated as
Vg =0,

where the left hand side (and the right hand side) is a tensor field in 7(M). The proof that
these conditions are equivalent follows from the definition of Vg below.
5.3 The Levi-Civita Connection

The Levi-Civita connection for a given Riemannian metric g is a map V : T'(T'M) x T'(E) — T'(E)
(written as (X, &) — Vx&) that satisfies the preceding 4 properties, and is

(5) torsion-free (also known as symmetric):

VxY —VyX =[X,Y].

It satisfies Koszul’s formula:
2(VxY,2) =X, 2)-Z(X,Y)+ Y (Z,X)—([Y,Z], X) + ([ X,Y],Z) — ([X, Z],Y). (65)
The metric compatibility condition tells us that
V(g(X,Y)) = g(VX,Y) +g(X,VY), (66)

where we interpret the right hand side as the covector Z — ¢(VzX,Y) + g(X,VzY). The
fundamental theorem of Riemannian geometry states that, given a Riemannian manifold (M, g),
there is a unique connection V on T'M that is symmetric and compatible with g. So we are justified
when we say the Levi-Civita connection. To paraphrase Andrews-Hopper we mention that this
connection is canonical because the symmetry and compatibility conditions are invariantly defined
natural properties that force the connection to coincide with the tangential connection, whenever M
is realized as a submanifold of R™ with the induced metric (which is always possible by the Nash
embedding).

5.4 Christoffel symbols

Given some coordinate basis {0;}]—,, the Christoffel symbols (of the Levi-Civita connection) are
the unique coefficients (i.e. smooth functions) satisfying

Vo,0; = T:0k.
It follows from this and the above properties that

VxY = (X(Y*) + XYITE) 0. (67)
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In particular, 4
ViX = (0: X" + XIT},)0,.

For the Levi-Civita connection, we can calculate these coefficients in coordinates by

1
F;% = Ffj = igke(aigjz + 0;9i¢ — 01gij)- (68)
The symbols also satisfy the antisymmetry relation
Ffj = _ng' (69)

Despite using the same notation, we cannot think of the Christoffel symbols as a (1,2)-tensor.
However, given two metrics g, g the difference of the coefficients of the two corresponding Levi-Civita
connections does form a tensor: B

ry -1

TODO: write more about this.

5.5 Covariant derivatives

We can take directional derivatives of functions using only the differentiable structure of a manifold.
The covariant derivative is defined using the metric, and allows us to differentiate vector fields and
other tensors. We already know how to take the covariant derivative of a vector field, which is a
(0,1)-tensor. As mentioned above, this now extends to arbitary (k,¢)-tensors. First generalize to
(0,0)-tensors: Vx : TH(M) — T{(M) is defined by

14
VX(X1®"'®X() IZZX1®"'®V)(XZ‘®"'®X(.
=1

By requiring the covariant derivative to satisfy a product rule (the following is purely symbolic the
first time we write it)

Vx(w(l)) = (Vxw)(Y)+w(VxY),
we can define the first term on the right hand side, since all other terms we understand. Note that
this is just property (3) from the above requirements for extending to tensor bundles. Thus we have
the covariant derivative of 1-forms:

(wa)(Y) = Vx(w(Y)) — W(VXY).
In coordinates (here we are referring to the total covariant derivative of w, see below),
Viwj = (Vw)ij = O;w; — Ffjwk (70)

If F € T}(M) is a tensor field, and X, Y} are vector fields and w’ are 1-forms, then we have the
following, which is sometimes used as a definition, but in fact it follows from the requirements for a
covariant derivative to extend from the tangent bundle to the tensor bundle.

(VxF) W', ..., ot Y, ) = X(F(W',..., " Y1,...,Y}) (71)

l
=Y F',...,Vxw,. o', V)
j=1

k
=Y P!, Wi Y, ViYL V).
=1
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We can think of VF as a (k + 1, £)-tensor field, called the total covariant derivative of F, by
(VF) (W, ..., w5 Y1, Y, X) = (Vx F) (W, ..., 0" Y, Y.

There are different conventions about where to put the X in this definition; I'm not sure if it matters.
An important property of covariant derivatives is that they “commute with contractions,” a property
that follows from the fact that Vg = 0. TODO

There is also a horrible expression for the covariant derivative in coordinates TODO

See LeeRM for stuff about covariant derivative in coordinates, as well as the semicolon notation,
which may actually be kind of good TODO.

The following formula for commuting covariant derivatives at the expense of introducing a
Riemann curvature term is quite useful, although it’s probably better to just look at the more
common special cases below.

(VV v v pl e = Zlejkh aiﬁ g ZR‘mszakl o 1p€h+1 te (72)

K 1Pkn41---

For example, if w is a 1-form,
(VZ'VJ' — V]Vi)wk = — Rmfjk Wy. (73)
If T is a (2,0)-tensor, then

ViV, The — V;ViThe = —RY., Tpy — RY. Ty (74)

ijk ijl

5.6 The Hessian

We can then take the total covariant derivative of F' to get the Hessian of F', sometimes denoted
V2F, which is of course a (k + 2, /)-tensor field. It follows from the torsion-free property of the
Levi-Civita connection that the Hessian is symmetric:

(V2H(X,Y) = (VY. X). (75)

We have
ViyF = (V’F)(X,Y)=Vx(VyF) - Vy,yF. (76)

The proof makes it more clear how the tensors on the right hand side actually work. In the case of a
function f, we have that (the first equality follows immediately from (76))

(VX Y) = X(Y(f) = (VxY)(f)
=g(Vxgrad f,Y) (77)

1
= §(£grad F9)(X,Y).

In coordinates, we can write

ViV;f=0i(8;f) = T'};0nf. (78)

In particular, since (V2f)(X,Y) = g(Vx grad f,Y), the (1,1)-tensor associated to V? is given by
(V2f)(X) = Vx grad f. The Hessian satisfies the following product rule for functions.

V2(fh) = fV*h+hV2f +Vf@Vh+Vhe V. (79)
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The following is a commutator formula for the Laplacian and the Hessian on functions
A(Vivjf) = VZijAf+Rngiij+RMVZij - QRiijkagf+ (VjRel' +V¢Rﬂ *V@Rji)sz. (80)
In two dimensions, and applied to scalar curvature, this becomes

A(VZVJR) = VZVJAR + 2RVZVJR — (RAR — % |VR|2)gij + VlRVjR (81)

5.6.1 Bochner Formulas

For any function v on a Riemannian manifold,
LA|Vul? = (AVu, Vu) + [V2ul* = (VAu, Vu) + Re(Va, V) + [Vl (82)

The second inequality follows from the commutator formula for the Laplacian and the covariant
derivative:

A(du) = d(Au) + Re(Vu), (83)
sometimes also written as AVu = VAu + Re(Vu).

5.7 Proofs for Section 5

b L
1908 = S0 (T80 e (63)

Proof. Let y; be local coordinates on N. Recall that

o 4
£ole@il2) = S5 ()0l

(see (6)), here ¢* is the fth coordinate of ¢ in some local coordinates on N (or do I mean on f*FE).
By definition,

(fvf)ifj)(x) = f*(vf*az‘ayj)
= f* <V%8 anj>

14
—  (FE@rs e, )
_of

= L @ (Fe)e ) =
Rig(X,Y)Er = (f"Ry)(X,Y)E, XY eT(TM),§ € T(E). (64)
Proof. TODO; see [1] O
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Proof. The metric compatibility condition says
X(Y,Z) =(VxY,Z)+(Y,VxZ)
Y{(Z,X)=(VyvZ,X)+(Z,VyX)
Z{X)Y)=(VzX,)Y)+ (X, V,Y).

By adding/subtracting these expressions, using symmetry and linearity of the metric, and the
torsion-free property (VxY — Vy X = [X,Y]), we obtain

X<Y, Z> +Y<ZvX> - Z<X7Y> = 2<VXYa Z> - <[X’Y]aZ> + <Y’ [XvZD + <X) [Y,Z]) .

O
V(g(X,Y)) = g(VX,Y) + g(X,VY). (66)
Proof. This really does follow immediately from the metric compatibility condition (don’t forget that
we are interpreting the left-hand side as the covector Z — g(VzX,Y) + g(X,VzY)). O
VxY = (X(Y") + X'YIT};)0k (67)

Proof.

VxY = Vixip, Y70,
= X'V, (Y70))
= X'[0;(Y7)0; + YV p,0,]
= X'[0;(Y7)0; + Y'T%,0]
= (X(Y*) + X'YITE,) 0. O

1
Ik =Tk = 59“(31%@ + 0591t — Ogij) (68)
Proof. Apply the Koszul formula (65) to coordinate basis vectors:
2T g = 2(T%;00, On)
=2(Vy,0;, 0)
=0, <8J,8k> — O <6“8]> + 3j (O, 0;)
= 0igjk + 0jgik — Okgij-

Now multiply both sides by ¢*™ and the result follows. O

Iy =~ (69)
Proof. The metric compatibility condition applied to the correct basis vectors says
0=(Vg)(9;, 0k, 9)
= v@q‘,g(aﬁ 676)
= g(Viej,e) + 9(Viek, e5)
. .
=Ty +T7,. O
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TF we (70)

j

Viw]' = (Vw)l-j = aiwj —

Proof.
(Vw)(85,05) = (Viw)(9;)
= Vi(w;) — w(Vi9;)
= O;Wwj _W(Ffjak)
= &wj - Ffjwk.. D
(VxF) W, ..., 05V, ..., ) = X(F(W!,..., " Y1,...,Y3) (71)
=Y F',...,Vxw,. o'\, V)
=Y P!, wi Y, ViYL V).
Proof. TODO; see Andrews-Hopper p. 26 O

. ] 1.0 ly.. 0 by l1lp_1plpya.. Ly
(ViV; —V;V,) e E Rmmkh O R phn b g Rm”poz,c1 o (72)

Proof. TODO O

(ViV; — V;Vi)wr = — Rmj; wy. (73)

Proof. This follows immediately from (72), but I guess there should be a direct way to prove it as
well.

TODO -
ViV Tee = ViViTee = —RY Tos — BY Ty, (74)

Proof. This is a corollary to (72). O
(V2H(X,Y) = (VY X). (75)

Proof. The torsion free property of the L-C connection says that
(VxY)(f) = (Vy X)(f) = [X,Y](f) = X(Y(f) = Y(X(f)),
and by rearranging this we get that
(XY () = (VxY)(f) =Y(X(f) = (V¥ X)(f),
which is exactly the desired equality. 0
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ViyF = (V?F)(X,Y) =Vx(VyF) = Vo, v F. (76)

Proof. According to the general definition of covariant derivative (and the definition of total covariant
derivative) above,

(VIVE)(Y, X) = (Vx(VE))(Y)
= Vx[(VE)(Y)] = VF(VxY)
= Vx(vYF) — vayF.

To make more explicit what is actually going on here, we can write, supposing F' is a (k, £)-tensor,

V2F(X,Y,wh, . . Wt W, W) = Vx (VE)(Y, Wb, wf W, W)
= X(VE(Y, W', ... " Wi, ... W)
—(VF)(VxY,wh, ... 0t W, ..., Wh)

4
=D (VE)(V,w!,.. . Vxw', W W, W)
=1

k
=S (VR Y, wh, o wh W, VW W)
=1

= Vx(VyF) = Vy, v F

There is also a proof on page 99 of Lee-RM. O

(V2N)(X,Y) = X(V (1)~ (VxY)(f) = o(Vxgrad £Y) = 5 (Lgraa s0) (X, Y)  (77)
Proof. The second equality:

X(Y(f) = (VxY)(f) = X(g(grad f,Y)) — g(grad f, VxY)
=g(Vxgrad f,Y) + g(grad f, VxY) — g(grad f, VxY)
=g(Vxgrad f,Y).

The last equality: using (??) (TODO: check this reference; should it be 2a or 2b?) for the Lie
derivative of the metric, metric compatibility, (52), and denoting grad f by V f, we calculate

(Lorg)(X,Y) = (V)(9(X,Y)) = g([VF, X],Y) = g(X,[V[,Y])
=9(VvsX,Y) +9(X,VvY) = g(VysX = Vx(Vf),Y) = g(X, VY = Vy (V)
=g(Vx(Vf),Y)+g(X,Vy (V)
=X((V,Y)) —g(V,VxY)+Y(9(X,Vf)) —g(Vy X, V)
= (V2 N)(X,Y) + (V2)(Y, X)
=2(V2f)(X,Y).

ViV;f = 0;(0;f) — Ti;0hf. (78)
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Proof. Recalling that, by definition V;0; = rk Ok
ViVif =ViV;f) = Vv, f
= 0i0;f = Vrr o, f
— 90, —TEVif
— 0,0,f — T0cf

This also follows from O

V2(fh) = fV*h + hV?f +Vf@Vh+Vh@ Vf (79)
Proof. First note that we are using V f to denote the gradient of f. Then
Vy(fh)) = Vv (fh)
Vx(fY (h) +hY (f)) = (VxY)(fh)
X(NY (h) + XY (h) + X ()Y (f) + hX (Y (f)) = M(VxY)(f) = f(VxY)(h)
FX(Y(R) = (VxY)(h) + M(X(Y(f)) = (VxY)(f))
+ )

V2(hf)(X,Y) =V

x(
x(

VI VL)X, Y)+ (VAo V)(X,Y)
FVR) (X, YY)+ h(VH)(X, )+ (VFfRVRA)(X,Y)+ (VAR V)(X,Y).

A(V;V;f) =ViV;Af+R; NV f+RiNV,; f— QRkZJVnger(V Ryi+ViRji—VR;;)Vf. (80)
Proof.
A(V;V;f) =ViVi(V:V;f)
= Vi(Vi(ViV;f))
Use (73), which says that V;V;Vif —V;V;Vif = —Rfjkvzf.
= Vi(V;ViV,f - Rk”ng)
= vkvlvkvjf (kak”)vff szg (Vngf)
Use (74), which says that for a (2, 0)-tensor T', V;V; Ty — V,;V; Ty = —RY

Typo — RE. Thy.

ijk A

= ViViViV,f = RupVeVif = Ry ViNVef = (ViR )Vef — Ry ViVef

On the first term, apply (83), which is the commutator formula for A and V. On the second term, use
the fact that Riik = Rpire = —Riier = —Rjip. On the fourth term, apply the once contracted second
Bianchi identity V,, Rjxem = VjRie — Vi Rje, in the form ViRiije = —ViRjpur = —(VjRgi —VgRji).

=Vi(V;ViVif +RiuVef)+ RiV/V, f — ;“jvkvef + (VjRy — ViRV f
= ViVjAf + ViRﬂng + RngiVef + Ri[Vngf — QR;W]VkVef + (V Ry — VgRji)ng
= ViVjAf + RngNgf + Ringij — 2R£ijka[f + (Vth‘ + VZ‘RJ'[ — VzRﬂ)ng

O
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Proof. Use the fact that in 2d we have (90), which in this case says Ry;j¢ = %R(gkggij — gkjgit)-
Also in 2d, R;; = %Rgij7 and so VR, = %Vijok. Substituting these in and simplifying gives the
result. O]

A|Vul* = 2 (AVu, Vu) + 2| V2| (82)
Proof. The coordinate-free way to do this goes as follows. I use dots to keep track of the entries over
which the trace is taken.
A (Vu, Vu) = tr V2 (Vu, Vu)

=tr(V.(2(V.Vu, Vu))

=2tr((V.V.Vu, Vu) + (V.Vu, V.Vu))

— 2 (AVu, Vu) + 2| V?u|?,
as desired.

In normal coordinates, we can calculate
A|Vul]® = A(VuViu)
= 2(AVu, Vu) +2|V2u|”.

O
A(du) = d(Au) + Re(Vu), (83)
Proof. By (73),
ViViju = VjVinu — Rmijkg Vzu.
Note that on the left-hand side we can commute V; and V. From this equation,
gikVinVju = gik(VjVinu + Rmjipe Vou)
Avju = VjAU+RCj[ VKU. O

6 Curvature

6.1 Curvature of a connection on a vector bundle

Reference: Andrews-Hopper Section 2.7.1. If V is a connection on a vector bundle E over M, the
curvature of V on F is the section Ry € I'(T*M @ T*M ® E* ® E) defined by

Ry(X,Y)§=Vx(Vy€) = Vy(Vx§) = Vix v
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6.2 Riemann curvature

Riemann curvature is the special case of the previous construction where the connection is the
Levi-Civita connection on the tangent bundle over M. In particular, the (3, 1)-tensor (field) version
of the Riemann curvature tensor is a C°°(M)-multilinear map I'(TM) x I'(TM) x T'(TM) — T'(TM)
defined by
R(X,Y)Z =VxVyZ —-VyVxZ— V[X’y]Z
=VivyZ-VyxZ.
In coordinates, we can write

R =R,

(3

jkedxi ® dr? @ da* ® 9y,
so that
R(X,Y)Z =R,

,

W XY 759,
where

R;;"0¢ = R(0;,0;)0%.
We can get a (4,0)-tensor version of R by lowering an index:

Rijii = R(0i, 05,0k, 0r) = (R(0;,05) 0k, Op) .
Then Rjjie = gngij .- This tensor satisfies the symmetries
Rijke = —Rjire = —Rijor = Rieij (84)

and the 1st and 2nd Bianchi identities:

Rijre + Rjkie + Riije = 0 (85)
viRjkfm + ijkifm + kaijhn =0. (86)
The once contracted 2nd Bianchi identity:

9" ViRjpem = ViR — ViRjy. (87)

We can calculate the coefficients in terms of the Christoffel symbols as well:
Rijké = 5i1“§k — 0T, + F;rllcl—‘fm - Fi?éfﬁm (88)

1

Rijke = 5(3j3kgie + 0i0egjr — 0i0kgje — 950egik) + gep(TTY,, — T7TT ). (89)

In calculations, we frequently get Riemann curvature terms appearing from commuting covariant
derivatives, following from rearranging the formula that defines the Riemann tensor. See (72).
TODO: expand on this.

6.2.1 The curvature tensor in 2 dimensions

In two and three dimensions, the Riemann curvature tensor simplifies. In particular, in dimension 2,

1
Rijie = ER(giégjk — Gikgjt)- (90)
1
Rijre = §R(gngk- — Gikgjt)- (90)
Proof. TODO O
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6.2.2 The curvature tensor in 3 dimensions

6.2.3 The curvature tensor in 4 dimensions

6.3 Ricci curvature

The Ricci tensor, denoted Re or R, is defined to be the trace of the Riemann tensor:
Re(Y,Z) = tr(X — R(X,Y)Z),

or in coordinates
k km
Rij = Rkij =g Rkijm-

The Ricci tensor satisfies the twice contracted second Bianchi identity:

divRe = %VR,
which in coordinates is N
2¢"V; Rejr = Vi R. (91)
The Ricci tensor can be expressed in terms of Christoffel symbols:
Rjx = jok: = 8ir§‘k - ajrﬁk + F?krép - kal—‘;p (92)
or in terms of the metric:
—2Rei; = gkz(ﬁkazgij + 0;0;9x¢ — 0;0k9;0 — 00k gie) + lower order terms, (93)

where the lower order terms involve only one derivative of g. The Ricci tensor is invariant under
diffeomorphisms; that is, if ¢ is a diffeomorphism of M, then

RC¢*g = (b* RCg .

The standard form of the Ricci tensor is as a (2,0)-tensor, but this means that it also has a (1,1)
version. That is, the Ricci tensor is normally an object that takes two vectors and gives a number. If
we consider the map X — [Y — Re(X,Y)], then we see that we can think of Rc as an object that
takes a vector and gives a covector. By the musical isomorphisms, the covector Re(X, +) corresponds
to the vector Y that satisfies Re(X, ) = g(Y, ). That is, Re(X, ) = g(Re(X), ).

which by the musical isomorphisms is equivalent to an object that takes a vector and gives a
vector. This satisfies

Re(X) = (Re, X7)d;, R} = g™ Rey; (94)
6.4 Scalar curvature
The scalar curvature is defined to be the trace (with respect to the metric) of the Ricci curvature:
R =tryRe = Re,' = gY Reyj -

In local coordinates,

R =g Rji = g’* (0} — 0, + T1,T, — THT5,) (95)
R=g"Rji = g’*(0i} — 9, + T1,T, — THT5,) (95)
Proof. TODO 0
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6.5 Algebraic perspective on the curvature tensor

There is also an algebraic perspective on the Riemannian curvature tensor.

6.5.1 The space of algebraic curvature tensors
6.5.2 Kulkarni-Nomizu product

Given two (2,0)-tensors we want to build a (4,0) tensor with the same symmetries as the Riemann
tensor. This will turn out to be useful to see the Riemann tensor as being composed of simpler
tensors.

Let S?(M) denote the bundle of symmetric (2,0)-tensors over M and let

® 1 S2(M) x S2(M) —

TODO
See Bamler’s lecture 1, also a bit about this in ChowHRF. Also

6.6 Proofs
Rijke = —Rjine = —Rijor = Rieij (84)

Proof. Using the fact that the Lie bracket is antisymmetric, it is clear from the definition that
R(X,Y)Z = —R(Y, X)Z, from which the equality R, = —R;,;, follows. To show the second equal-
ity, we begin by showing that R(X,Y, Z, Z) = 0 for any Z. First note that by metric compatibility,
2
XY (W) = Xy (W,W))
= X(2(VyW,W))
=2 <VvaVV, W> + 2 <Vyw, wa> .

Similarly,
Y(X([W]?) = 2(Vy Vx W, W) +2(VxW,Vy W),

and )
(X, Y][W]" =2(Vix y]W,W).

Now, subtracting the second and third of these two equations from the first and cancelling terms, we
have

0=X(Y (W) - YX(W) - [X,Y]|W[
=2(VxVyW, W) = 2(VyVxW,W) = 2(Vix yiW, W)
= 2(R(X, Y)W, W)
= R(X,Y,W,W).
Applying this,
0 = (R(0;, 3j)5k + O¢, O + Op)
= Rijir + Rijre + Rijor + Rijer
= Rijre + Rijox.

To prove the last equality, we use the first (algebraic) Bianchi identity. O
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Rijre + Rjkie + Riije = 0 (85)
Proof. This will follow from
RX.Y)Z+R(Y,Z)X + R(Z,X)Y =0.

Expand using the definition of R, apply symmetry of the connection several times, and then finally
the Jacobi identity:

0=VxVyZ - VyVxZ - VixyZ+
+VyV2X = VzVy X — Viy g X+
+VVxY —VxVY — Vi xY
=Vx(VyZ—VzY)+ Vy(VzX - VxZ) + Vz(VxY — Vy X)
—Vixy1Z - ViyzX — Vizx)Y
= Vx[Y,Z] = Viy 1 X + Vy[Z, X] = Vizx]Y + Vz[X,Y] = Vix v Z
=X, [Y. Z]| + [V, [Z. X]| + [Z,[X, Y]]

=0. O
ViRjkem + Vi Riiom + Vi Rijem = 0. (86)

Proof. TODO See, e.g. here https://math.stackexchange.com/questions/1494262/direct-proof-of-the-second-
or LeeRM p. 204 O
9" ViRjem = ViRie = ViRje. (87)

Proof. By the second Bianchi identity (86) and the fact that Rgiem = —Rikem,
ViRjkem = Vi Rigem — Vi Rijom,
SO

9" ViRjkem = V9" Rikem, — Vg™ Rijom
= V,Rp — ViRje H

Ryt =0 — 0,05, + T TL — T (88)

Proof. Note that
R, 00 = R(0;,0;)0%,
= ViV;0k — ViVid — Via, 0,0
= Vi(T0a) — V;(T7,0)
= 0,140 + T4, Vi0, — 0;1'5,0. — T4V ;04
= 905,00 + T3 15,0, — 9,150 — F?krfdaﬁ

from which the result follows. O
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https://math.stackexchange.com/questions/1494262/direct-proof-of-the-second-bianchi-identity

1
Rijre = 5(33‘31«91@ + 0i0gjk — 0i0kgje — 050ugir) + gep(TR LY, —THIT ). (89)

Proof. TODO 0

2¢""V;Rjr, = ViR. (91)

Proof. Start with the 2nd Bianchi identity, contract twice, and apply some symmetries of the Riemann
tensor:

9™ g7 (Vi Rjrem + VjRyiem + ViRijom) = 0

9""Vi07 Rijkem + 47V 16" Risitm + 9" V1.6’ Rijom = 0
—9""V:07 Rikme — 67V 16" Rigtm + 9"V 167 Rjime = 0
—9""ViRym, — ¢V Rit + Vg™ Rimp = 0

—2¢"V;Rj, + ViR = 0.

O]

Ry = Ry = 0%, — 9;T, + T4}, =TT, (92)

Proof. TODO O
—2R;; = gkl(aka[gij + 0;0j g0 — 0;0kgje — 0Ok gie) + lower order terms, (93)

Proof. T don’t want to type this, but it just involves writing the Ricci tensor in terms of the Riemann
tensor, the Riemann tensor in terms of the Christoffel symbols, and the Christoffel symbols in terms
of the metric. O

Re(X) = (Re X7)0;,  Ref = g™ Rey; (94)

Proof. This is of course just an exercise in working out the definitions (like most exercises). From
a (2,0) tensor, we have a mapping from vectors to covectors X — Rec(X, ). Then by the musical
isomorphisms, the vector confusingly denoted Re(X) associated to the covector Re(X), ) must satisfy

g(RC(X)v Y) = RC(Xv )(Y) = RC(X7 Y)
That is,
gre Re(X)*Y? = Rey X'Y7 = gij Re(X)F = Reij X' = Re(X)® = ¢" Rey; X* = Ref X7,

which is what we wanted to show. O
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7 Geometric Analysis

7.1 Distance functions

The growth of Jacobi fields in a normal neighborhood is controlled by the Hessian of the radial
distance function, which satisfies the Riccati equation. Most of the comparison theorems use this
machinery.

Let (M, g) be an n-dimensional Riemannian manifold, and let U be a normal neighborhood of a
point p € M, and let r : U — R be the radial distance function, defined in normal coordinates (z?)
at p by

(@) = VG R,
Define the radial vector field on U \ {p} by

zt 0
r(z) 0zt

O =
For a proof of the following theorem, see Theorem 6.9 of [LeeRM], as well as most of the standard
texts on Riemannian geometry.

Theorem 7.1 (The Gauss Lemma). Let 0, denote the radial vector field on U \ {p}. Then 0, is a
unit vector field orthogonal to the geodesic spheres in U \ {p}.

We can form two tensors of total rank 2 from 7: the covariant Hessian of 7: V27, and the covariant
derivative of 0,: V0,. As we have already seen, these turn out to be the essentially the same thing:
V0, is obtained from V?r by raising one of its indices. We can also interpret the (1,1)-tensor field
VO, as a field of endomorphisms of TM over U \ {p} by defining

/Hr(w) = Vwar, w e TM|U\{p}
This is called the Hessian operator of r, and it is related to the (0, 2)-Hessian by
g(H,(v),w)) = (Vzr) (v,w), qeU\{p},v,weT,M.

This has the following properties:

g(Hr(v),w) = g(v, Hr(w)v) (96)

H(0r) = 0. (97)

The restriction of H,. to vectors tangent to a level set of r is equal to the shape operator of the
level set associated with the normal vector field N = —0,..

(98)

We also have that in every choice of polar normal coordinates (#!,...,6""1 7) on a subset of

U\ {p}, the covariant Hessian of r is given by

n—1

1
Vi = 3 > (0rgap)do®do”. (99)
a,B=1
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7.2 Integration
7.2.1 Stokes’s theorem

Suppose M is an oriented m-manifold with boundary, and suppose w is a compactly supported

(n — 1)-form on M. Then
/ w= / dw. (100)
oM M

From this we can obtain several very useful special cases. The divergence theorem says that for
any smooth 1-form o on a compact manifold with boundary,

/M div(a) du = / a(v) do, (101)

oM
where v is the outward unit normal to the boundary, and do is the volume form of the boundary.
In the case of a vector field, we have

/ divx = [ g(X,v)do. (102)
M OM

7.2.2 Integration by parts

Suppose u,v € C°(M). There are a few useful forms of the same idea. First, if M is closed,

/ Audp =0, (103)
M
/ (uAv —vAu)dp =0 (104)
M
More generally, if M is compact but possibly has a boundary,
0 0
/M(uAv — vAu)dp = /8M (uaz — vaz> do. (105)

Where v and o are the outward (?) unit normal and the volume form of OM.
In particular, on a closed manifold, the right hand side is 0, so [uAv = [vAu. If M is compact,

/ uAvdqu/ (Vu, Vv) du:/ @udo. (106)
M M 9

oM oV
In particular, on a closed manifold, [ (Vu, Vv) = — [uAw.
We also have

/g(gradf,X)du:/ fg(X,V)do—/ fdivXdpu.
M oM M

Right now I'm just copying this from LeeRM, p 149. TODO: change the notation and add some
exposition

The integration by parts formula generalizes to covariant tensor fields. If F' is a smooth covariant
k-tensor field and G is a smooth covariant (k + 1)-tensor field on a compact smooth Riemannian
manifold with boundary, then

/ (VF,G) du:/ <F®Nb,G> da—/ (F,divG) dy, (107)
M oM M
In coordinates we have the more suggestive
/ Fyy iy GO qV, = / Fy, 3 G-I N; dV, 7/ By i, GV, (108)
M oM M h

52



7.3 Miscellaneous
7.3.1 Rescaling manifolds

Consider a time-dependent family of metrics g;, and a parabolic rescaling A2gy—2;. Say that the scale
of some quantity is k if it changes by A* under the rescaling. For any function f and vector field X,
we have the following scales.

k=-2 k=-1 k=0 k=1 |k=2
9" Re | X| g
Rijii Iy Vi X
[Rm|, |Re|, R Rfjk t
|V2 £ V3, df
vk f

7.3.2 Something else

If A(s) is a 1-parameter family of invertible square matrices, then

d 4 d
T det(A(s)) = det(A) tr <A dSA(s)) (109)
The following special case is occasionally useful.
d d
—1 A) = (A"HY— A, 11
ds og(det A) = ( ) ds i (110)

7.4 Variation formulae

References: Sheridan’s notes and Andrew-Hopper Chapter 4.
Suppose that g(t) is a family of Riemannian metrics, and
0
559 (8) = hij ().

Then we have the following evolution equations for various geometric objects. Denote by H the trace
of h,i.e. H = g"h;;. Some cases are only stated for the special case of the Ricci flow, i.e. when
h = —2Rc. We distinguish such cases with the use of 0; rather than 0,.

Metric inverse:

%gij = —h = —g" g hyy (111)
Christoffel symbols:
%Ffj = %gkg(vihjé + Vjhie — Viehij) (112)
Volume element: 3 u
&dus = Edus (113)
Scalar curvature: 5
%R = —AH +div(divh) — (h,Rc) . (114)
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Ricci curvature: For the Ricci tensor, we mention several different expressions. The first gives
the variation of the Ricci tensor in terms of the variation of the connection.

85 Rcij == Vp(asl“fj) - Vl(asl“gj) (115)
From this we get
0 1 1
We also have
1o} 1 . .
% RCij = 75 (ALhij + Vlij — Vi(dlv h)] — Vj(dlv h)l) s (117)

where A, denotes the Lichnerowicz Laplacian. This can be written as

0
55 (T28ij) = Aphij + ViX; + VX, (118)

where X = %VH — div h.

The Levi-Civita connection: For time-independent vector fields, and an evolving metric g(s),
we define V = 95V by VxY = 05(VxY). Then, under the Ricci flow,

<vxy, Z> = —(Vx Ro)(Y, Z) + (V2 Re)(X,Y) — (Vy Re)(X, Z). (119)

The Laplacian (on functions):

0 o iy 1 .
%Ag(s) = —hijV’V] - g]CZ <g”Vihjg - §Vg (gz]hij)) Vi. (120)

In particular if g(t) is a solution to Ricci flow, the function Laplacian Ay evolves by
atAg(t) =2 RCij VZVJ (121)

Another special case of this is when g changes by a conformal factor. If 9;g = fg for some smooth
function f, then

6tA:—fA+(g—1)Vf~V. (122)

The Hessian: for a general variation, we have the following, which is not very useful. For any
function f = f(z,s),
0s(ViV;f) = ViV;(0sf) = (0sT5;)0n f- (123)

The Ricci flow case is
6t(V1ij) = VZVJ (8tf) + (szﬂJ + v]Rw — VgR”)vZf (124)

Riemann curvature tensor:

1
65Rij,f = §g£p (Vivj‘hkp + ViVihi, — ViVphir — V;iVihgy — ViVihiy + Vjvphik) (125)
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7.5 Proofs

/{)Mw:/de. (100)

Proof. First note that both sides of the equation are linear in w, so we can assume that w has compact

support contained in the image of a local parametrization U — X, where U is an open subset of R™

or H™, where H™ is a half-space in R™. (a general w can be written as a sum of objects like this).
First assume that U is open in R™, meaning that h(U) does not intersect the boundary. Then

/ w=0 and /dw:/h*(dw):/du,
X b's U U

where v = h*w. The fact that the integral behaves well under pullbacks is a fundamental property of
the machinery of forms and their integration. See Chapter 4, §4 of [4] for more about integration of
forms on manifolds.

Since v is a (n — 1)-form in n-space, we may write it as

v=3 (1) fidey A Adig A Aday,

i=1

where the hat represents a term that is omitted from the product. Then

dv = (ng_)mlw-wdn,

ofi
dv = dxy - dz,.
/n g ;\/]Rn a’El o *

The integral over R™ is computed as usual by an iterated sequence of integrals over R, which by
Fubini’s theorem can be take in any order. Integrating the ith term first with respect to x; gives

0f: dm1-~dxn:/ ( Of; dmi>dx1~~~cizzi~~dwn.
R™ 8dl‘l Rn—1 R 8d$1

and

But by the fact that v has compact support and the fundamental theorem of calculus, we have that
. gg’:i_ dx; = 0. Thus [, dw =0, as desired.
Now suppose that h(U) intersects the boundary of H™. The preceding analysis applies, except

for the last term. Since the boundary of H™ is the set where z,, = 0, the last integral is

/ ( Ofn dzn) dxq---dz,
Rn—1 0 al‘n

The compact support assumption implies that f,, vanishes outside of some large interval (0,a), but
we can’t guarantee that f,,(0) = 0, which is what we would need to get the result directly from the
fundamental theorem of calculus.

If we apply the fundamental theorem of calculus in the same way as above, we get

[ o= [ hior i, 0)dar e dm
X n
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On the other hand,

[ o= v
X OH*

Since z = 0 on H™, dx,, = 0 on OH™ as well. Consequently, if i < n, the form (—=1)**! fidz; A--- A
da; A+ - Ada™ restricts to 0 on H. So the restriction of v to OHF is (—1)" 1 f(21,. .., 2n_1,0)dz1 A
-++ Adx,_,, whose integral over 0H" is therefore fax w.

Now OH™ is naturally diffeomorphic to R”~! under the obvious map

(1‘1, ce ,.Z‘"_l) — (Ih . ,l‘n_l,O),

but this diffeomorphism does not always carry the usual orientation of R”~! to the boundary
orientation of OH*. In particular, let ei,...,e, be the standard ordered basis for R”, so that
€1,...,en—1 is the standard ordered basis for R"~1. Since H* is the upper half-space, the outward
unit normal to H¥ is —eg = (0,...,0,—1). Thus in the boundary orientation of 9H", the sign of
the ordered basis (e, ...,e,—1) is defined to be the sign of the ordered basis (e, e1,...,e,—1) in the
standard orientation of H*. The latter sign is easily seen to be (—1)*, so the usual diffeomorphism
R* — OHF alters orientation by this factor (—1).

TODO: finish this. See Guillemin and Pollack p. 183. O

ll;dhda)du::]QMcdy)da, (101)

Proof. Some issues with orientability here? See Problem 2-22 p. 51 of Lee-RM. Recall that the
divergence of a vector field X is defined to satisfy d(tx dp) = div X dpu.
TODO -

/ divX = 9(X,v)do. (102)
M oM
Proof. The idea is to apply Stokes’s theorem (100) with @ = ¢x (du). With this definition,

da = dix (dp) = div X dp,

by definition of the divergence.

da = dux (dp)
See HRF Theorem 1.47
TODO -
/ Audyp =0, (103)
M
Proof. Recall that Vu = div grad u. Then apply the divergence theorem (101) and the fact that M
has no boundary. O
/ (uAv — vAu)dpu =0 (104)
M
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Proof. This follows immediately from (105) and the fact that M has no boundary. O

ov ou

uAv — vAu) dy = / (u - v) do. 105

/ an= [ (g~ (105)

Proof. Take X = uVv —vVu in the divergence theorem (for vector fields) (102). O
ov

uAvdy + (Vu, Vo) du = —udo. (106)
M M om OV

Proof. Take X = «Vv in (102). We are using the product rule for the divergence (21), which can be
written as

div(uVov) = (Vu, Vo) + ulv. O
/ (VF,G) du = / <F ® N?, G> do — / (F,divG) dp, (107)
M oM M
Proof. TODO O
/ Fiy iy G dVy = / Fyp iy G N; dVy — / Fi G V. (108)
M oM M
Proof. TODO O
d L d
o det(A(s)) = det(A(s)) tr | A(s) d—A(s) (109)
s s

Proof. First, a lemma:
Lemma 7.2. det(I +tA) =1+ tr(A)t + O(t?).

Proof. Recall that det(tA) = t™ det(A). Also recall that the characteristic polynomial of A is the

product
(@ = A1) (x = M),

where \;’s are eigenvalues of A. In particular, the characteristic polynomial is also det(xI — A).

det(I +tA) =t"det(t 11 — (—A))
="t AN ET E N (A

=t |t N ey - +t ar +ag
i<n

=1+ tr(A)t + O(t?). O

Lemma 7.3. (Dadet)(X) = det(A)tr(XA™'), where (D4det)(X) is the differential of det :
GL,(R) — R at A in the direction of X. In particular, the differential of det at the identity
matrix is just the trace.
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Proof. Note that det is a smooth function GL,,(R) — R (because the determinant is a polynomial
expression of the components of the matrix). First we consider the differential of det at I. By
definition and using the previous lemma,

(Dy det)(X) = Jim St 2 X) = det(])

h—0 h
2y _
~ lim 1+tr(X)h+O(h%) -1
h—0 h
= tr(X).

Now,

det(A+ hX) — det(A)

(Dadet)(X) = lim

h—0 h
-1\ _
— det(A) lim det(I + hXA™!) — det(1)
h—0 h
= det(A)D;(XA™Y)
= det(A) tr(XA™Y). O

Note that A(s) defines a curve in GL,(R). We can think of - det(A(s)) either as the derivative
of a function R — R, or as the derivative of det : GL,,(R) — R at A(s) in the direction of 4 A(s),
which is a vector field along A(s). From the second point of view we get

d d
%det(A(s)) = (D 4(s) det) (dsA(s)>
d
= det(A(s)) tr (A(s)ldsA(s)> )
finally proving (109). O
4 log(det A) = (A*l)"jiAu (110)
ds 8 N ds” "

Proof. This follows immediately from (109). O
9 jii — _pii = _gikgitp,, (111)
ot

Proof.

= (9" gjx)
= (9t9"”)gjx + 9" (Org;k)
(0:9") 959" = —9™ 9" (Br9;1.)
(0:9"7)65 = =g 9" (Drgjin),
and the result follows. O
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0 1
arfj = §9M(Vihje + Vjhie = Vihij)

Proof. By the coordinate expression (68) for the Christoffel symbols, we have

1 1
AN 5(@9“)(@'%@ + 05910 — 00gij) + =" (000950 + 0;0: 910 — 0e013ij)-

2

(112)

The result follows in normal coordinates at some point p, so 0;g;; = 0, and ;A = V; A at p for any
tensor A. In particular, the first term becomes 0, and the second term is exactly what we want, since

0:9ij = hij- O
0
Zduy = — 11
88 d:uﬂ 2 dlu’s ( 3)
Proof. Note that, in coordinates,
dps = y/det gi;(s)dz' A -+ A dz™.
Denote w = dx! A --- A dxz™. Then, using (109),
0 7]
%dﬂs = g\/det 9ij(s)w
1 0
= ——————detg;(s)w
2 /et g, () 05 0l
1
= (det gi;(5)g" (s)hie(s)w
H
=5 det g;;(s) w
H
= dus. O
D) 2
0 .
%R = —AH +div(divh) — (h,Rc) . (114)
Proof. In coordinates, this is
0
£R = —AH + VZV]hﬂ - h”R”
TODO D
85 RCZ‘J‘ = Vp(asl“fj) - Vl(é)sl“gj) (115)
Proof. Recall that R;; = Ry, and
‘ ¢ ¢ ¢ ¢
Then
OsRij = (95(8,,1"% = &I‘Zj + T, — F;}}I‘fm),
and in normal coordinates this gives the result. O
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1 1
%Rij‘ = §W(V,-hjg + Vjhig — Vhij) — §Viij. (116)
Proof. Using (115),
dsRij = 0,0, — 9,0,
ap(%gpé(aihjf + ajhw - alhij) - 3i(%gke(8khﬂ + @-hke — aghkj))
= %gpe(apaihjg + 8p8jhig - 8p85hij) - %gké(aﬁkhﬂ + &-8th - alaghk])
= %gplapajhig — %gpzapazhij — %@@H + %gkeaiaghkj

1 1 1 1
= 58463}1% - iagaghij + 581-8@/%- - iaﬁjH

and the result follows after relabeling indices. O
0 1 . .
%Rij = —5 (ALhij + VZVJH — vi(dIV h)] — Vj(le h)z) s (117)

Proof. Recall that
Aphi; = Ahij + 2Ryi50hie — Rikhjr — Rjghik.

Now start from (116). The main thing we use is the commutator formula for a 2-tensor, see (74).

0

1
55 Rii = =5 (Bhiy + ViV H = Vi Vihye = ViV jhie)

1
= —§(Ah” + VZVJH - Vnghjg + R:Zijhpz + wahl’j - Vszhi[ + R?jihpf + R;nghpi)

1
= —§(Ahij + ViVjH — vinhje + R hpe — thpj — VjV@hiz + RY hpe — R?hpi)

tig tji
1
= _i(ALhij + VNJ- - vnghjg — Vnghig). O
9]
Proof. There’s nothing to show here; recall that in the identity above we have X = %VH —div h.
Then the identity follows immediately from (117). O
<va, Z> — (VxRe)(Y, Z) + (V4 Re)(X,Y) — (Vy Re)(X, Z). (119)

Proof. To derive this, we take the derivative of Koszul’s formula (65), which says
29(VxY,Z) = Xg(Y,Z) — Z9(X,Y) +Yg(Z,X) — g([Y, Z], X) + 9([X. Y], Z) — 9([X, 2. Y).

For the first term (here we are thinking of ¢ as time-dependent, and X,Y, Z as time-independent),

o .
=29(VxV, 2) = 2(0:9)(VxV, Z) + 29(VxY, 2)

= —4Re(VxY, Z) 4+ 29(VxY, Z).

60



For the next term,

% Xg(Y, 2) = X((2:9)(Y, 2))

= —2XRce(Y, 2),
and the two terms after that give something similar. For the fifth term,

%g([y, 7], X) = (0:9)([Y. 2], X)

= —2Re(VyZ - VY, X),
and the sixth and seventh terms are similar. Putting this together, we get
—4Re(VxY, Z) +29(VxY,Z) = —2X Re(Y, Z) + 2Z Re(X,Y) — 2Y Re(Z, X)
—[-2Re(Vy Z,X) + 2Re(V2Y, X))
+ [-2Re(VxY, Z) + 2Re(Vy X, Z)]
—[-2Re(VxZ,Y)+2Re(VzX,Y))
9(VxY,Z) = =X Re(Y, Z) + ZRe(X,Y) —

+ — Re(VzY, X) + Re(VxY, Z)
+ +Re(VxZ,Y) — Re(V2X,Y)
— (VxRe)(Y,Z) - + (V4 Re)(X,Y).
We used that (Vx Re)(Y,Z) = X(Re(Y,Z)) —Re(VxY,Z) —Re(Y,Vx Z). O
9 ioi _ ke[ i 1 ij
&Ag(s) = —hi;V'VI — g <g IVihje — 5 Ve (9 Jhij)) Vi. (120)

Proof. For a smooth function u, we have
O (Au) = 0y [g" (8;0; — T'};0n) u]
= (8tgij)V¢Vju — gij(athj)Vku + A(Ou)

- el

= —h9V,;V,u— g (29’“ (Vihje + Vjhi — vmij)) Viu
. . 1 .

= —hIV,;V,u— g~ (g”vihﬂ — 2v£(g”hij)) Viu.

O

8tAg(t) =2 Rcij ViVj. (121)
Proof. We give two proofs. For f € C°°(M), using the coordinate expression (78) for the Hessian,
(D)) f = 0e(g7ViVy) f
= (09" )ViVif + g7 (8, ViV f)
=2Rc"” ViV, f + 97 (0:(:0; f — T};0kf))
=2Rc” ViV, f + g7 (0,10 f
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Now, we calculate, using the contracted second Bianchi identity 2¢%V; Rcjr = Vi R.

3 1
g0y, = gV igkf(vi(*Q Reje) + V(=2 Reie) — V(=2 Rej;))

= —gﬂg”vi RCje —gkzg”Vj RCig +gijngV[ RCZ‘J‘
1 1 -
= =59 VR = 5g"ViR + g"'Vig" Re;

:O7

from which the result follows.

Proof. The second proof is slightly less coordinate-dependent. Let f,h € C°°(M). Then

hAS dji = — / (Vh, V) du
M M
— _/ gV ;hV; f dp.
M

Differentiating both sides with respect to ¢ gives

[ BA d haf@aw) =~ [ (0TS di+ gV 00 d)
M

M

Now use the fact that 0,dy = —R du, and 9,¢" = 2R% to get
/M[Af — RAflhdp = — /M[z Rei; Vif — RgVV; f1(Vih) dp

= Vi [2 RCij ij - Rg”vjf]h d/L.
M

Since h € C*°(M) was arbitrary,
Af — RAf =V;(2Rc;; V;f — RV, f)
= (2V; Rei;)V, f +2Rey; ViV, f — g7V,RV,; f — RgVV,V; f
=V,RV;f+2Rc;; V;V;f = V;RV,f — RAf
= QRCZ'J' VZVJf - RAf,

and the result follows.

6tA=—fA+(g—1)Vf~V.

Proof. 1t suffices to calculate
g* (g“vi(fm - 2vg(g”fgh-j)) = (1-5)v*r.

which is not too hard.

(122)

0s(ViV,f) = ViV;(0sf) — (0:T%;) 0k f-
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Proof.
05(ViVif) = 05(8:0; f — T};01.f)
= 0,0;(0sf) — (0sT5) 0k f — T5;01(05 f)
= ViV;(0sf) — (0T 0k f- O

0 (ViVif) = ViV;(0uf) + (ViRje + V;Ris — ViR;;)V'f. (124)

Proof. This follows from (123) with the variation of the Christoffel symbols (112) in the Ricci flow
case O

1
(9tRijké = §g€p (Vivjhk,, + Vivkhjp — VNphjk - Vjvihk,, — Vijh,»p + Vjvphik) (125)

Proof. TODO O

8 Submanifolds

Many of these ideas have are special cases of things discussed previously, in the case where the metric
is induced by some immersion or embedding into a higher dimensional Riemannian manifold.

As the notation for this section is quite painful, here is a seperate notation glossary just for
submanifolds, although it should essentially overlap with notation from the rest of the document. In
most cases I am following Mat Langford’s notation; see https://suppiluliuma.neocities.org/
RG.pdf.
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Let M™ and N™t* be smooth manifolds, and X : M — N a smooth immersion. Then we denote

dX:TM — TN the derivative of X
X*TN the pullback bundle (over M)
dX(TM) the subbundle of X*T'N from the embedding (p,u) — (p,dX (u))
of TM into X*TN
(), 9 the metrics on N, M respectively
X () the pullback metric on X*T'N: X* ((p,u), (p,v))
N,M the normal space to M at p € M, i.e.
N, M ={v € Tx(p)N : (u,v) =0 for all u € dX,(T,M)}
NM the normal subbundle of T'N in the case where X is an embedding
NM the normal subbundle of X*TN (over M), i.e.
NM ={v e X*TN :* (u,v) =0 for all u € dX(T M)}
D the connection on NV
XD: TM xT(X*TN) - X*TN the pullback connection on X*T'N, defined by
XD X*V = (7(u), Dax (V)
vM N connections on T'M, TN, respectively
I second fundamental form; I € T(T*M @ T*M ® NM), i.e.
M(u,v) = (*D,(dX (V)))*, for an extension V of v
w Weingarten tensor; W € T(T"M @ TM ® N*M)

If M is a submanifold of N, then the metric on N induces a metric on M. We can express the
Levi-civita connection VM of M from the one on N, V¥ by

vy = (VEY)T,  for X,Y € I(TM), (126)
where T : T, N — T, M is orthogonal projection.
vy = (VEY)T,  for X,Y e D(TM). (126)

Proof. In order to make sense of the right-hand side, we need to extend X and Y locally to a
neighborhood of M in N. This can be done, for instance, in local coordinates around x € M that

locally map M to R™ C R™. The extension of X = X*(z) 621' then for example is

m

X(z',..., 2" :ZXi(xl,...,x”) 0

; oxt’
=1

We then have gy (X,Y)(z) = gu (X, Y)(z), and [X,Y](2) = [X,Y](z). Due to the equality of these
quantities together with Koszul’s formula that expresses the Levi-Civita connection only in terms of
these quantities, we get the equality of the two connections. We should also argue that this does not

depend on the choice of extension. If we take two different extensions X , X , then we would like to

show that their difference Z = X — X satisfies (VYY)T = 0, and similarly for different extensions of
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Y. By considering the expression of the connection in terms of Christoffel symbols, we see that if Z
vanishes at a point, then the Christoffel symbol term goes away. But the remaining term is tangent
to M, and thus goes away when we take the orthogonal projection onto M. O

8.1 Second fundamental form

Roughly, II(u, v) is the normal (to the image of the immersion) component of how the vector field V'
is changing in the direction of wu.

8.2 Riemannian submersions

reference: LeeRM
Let M, M be Riemannian manifolds and « : M — M a smooth submersion. By the submersion
level set theorem, each fiber My = 7~ Y(y) is a properly embedded smooth submanifold of M. At each
point 2z € M, we define two subspaces of the tangent space T, M as follows: the vertical tangent
space at x is
Vr = ker(dﬂ'x) = Tx(]\;[ﬂ.(w))

(that is, the tangent space to the fiber containing ), and the horizontal tangent space at z is its
orthogonal complement:
H, = (V,)*.

Then the tangent space T, M decomposes as an orthogonal direct sum T,M = H, ® V,. Note that
the vertical space is well defined for every submersion, because it does not refer to the metric, but
the horizontal space depends on the metric. In particular, a Riemannian submersion has the property
that it preserved the length of horizontal tangent vectors.

A vector field on M is said to be horizontal if its value at each point lies in the horizontal
space at that point; a vertical vector field is defined similarly. Given a vector field X on M, a
vector field X on M is called a horizontal lift of X if X is horizontal and m-related to X (that is,
dry(X,) = Xr(a) for each z € M.

The following is Proposition 2.25 in [LeeRM]. If 7 : M — M is a smooth submersion and § is a
Riemannian metric on M ,

(a) Every smooth vector field W on M can be expressed uniquely in the form W = WH 4+ WV,
where WH is horizontal, WV is vertical, and both W# and WV are smooth.

(b) Every smooth vector field on M has a unique smooth horizontal lift to M.

(c) For every x € M and v € H,, there is a vector field X € I'(TM) whose horizontal lift X
satisfies X, = v.

This is problem 5-6 of LeeRM. Suppose 7 : (M, §) — (M, g) is a Riemannian submersion. If Z is
any vector field on M, we let Z denote its horizontal lift to M. For every pair of vector fields X,V
on M, we have

§(X,Y)=g(X,Y)om, (127)
X, V)% = [x,Y], (125)
[X, W] is vertical if W € I'(T'M) is vertical. (129)
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Let V and V denote the Levi-Civita connections of § and g, respectively. Show that for every
pair of vector fields X,Y € T'(T'M), we have

VY =VxY + X, Y]V. (130)
8.2.1 O’Neill’s formula
. 1/ ~ - -
Rm(W,X,Y,Z)on = Rm(W,X,V,2) - <[W,X]V, v (131)
L/ snv 1o v 1/ 2w i v
(WYX, 2] )+ 7 (7, 27, 1%, 7))
8.3 Proofs
g(Hr(v), w) = g(v, Hy(w)v) (96)
Proof. TODO O
H.(0,)=0 (97)
Proof. TODO O
(98)
The restriction of H, to vectors tangent to a level set of r is equal to the shape operator of the level
set associated with the normal vector field N = —0,.
Proof. TODO O
1 n—1
2. _ a 9B
Vi =g > (9rgap)do~do”. (99)
a,B=1
Proof. TODO O
3(X,Y)=g(X,Y)om, (127)
Proof. TODO O
X, V] = [x,Y], (128)
Proof. TODO O
[X, W] is vertical if W € I'(T'M) is vertical (129)
Proof. TODO O
VeV =ViY + L[X, V]V (130)



Proof. TODO
Hint: let Z be a horizontal lift and W a vertical vector field on M , and compute <@ X}N/, z > and

<@X}~/, W> using Koszul’s formula. O
o 1/ - - o
Rm(W,X,Y,Z) o = Rm(W,X,Y,2) - <[W,X]V, [Y,Z}V>
1 7 vV v A1V 1 i AV v V1V
— (W77, 1%,21) + 1 (7, 2, 1%, 91Y). (131)
Proof. TODO O

9 Ricci Flow

9.1 Variation formulae

For completeness, we reconsider some of the general variation formulae above in the special case of
the Ricci flow.

R = AR + 2 |Re|? (132)

R = AR+ 2|Rc|’ (132)
Proof. Previously we showed that if ;g = h, then
8:R = —AH + div(div h) — (h, Re).

For the Ricci flow, h = —2Rc, so H = —2R. The twice contracted second Bianchi identity says that
divRc = %VR, and then the divergence of this gives a Laplacian term. So the calculation is

R = —A(—2R) + div(div(—2Rc)) — (=2 Re, Re)
= 2AR — 2div(LVR) + 2 |Re/’
=2AR — AR+ 2|Rc|?
= AR+ 2|Rc|?.

9.2 DeTurck’s trick

Suppose we have some possibly time-dependent family of vector fields X;, and a metric g flowing by
the Lie derivative Lxg. That is, g is a solution to the equation

09 = Lxg.
If we define ¢, to be the Then by the computation

d
a% gt
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9.3 Uhlenbeck’s trick

The idea is that computations are easy to do in an orthonormal basis. However, in this time-dependent
situation, a basis that is orthonormal at one time will not in general be orthonormal at later times.
However, there is a simple ODE we can solve to find an orthonormal basis at all times.

Let {e;(to)}y C T,M be an orthonormal basis for ¢, at p. Observe that if we solve

%ei(t) = Ree(e;()),
then
%gt(ei(t)7 e;(t)) = —2Rce(ei(t), ej(t)) + gi(Ree(es(t)), e (t)) + gelei(t), Re(e;(t)))

:0,

by definition of the (1,1)-version of Rc. Thus the basis remains orthonormal. This has an interpretation
in “spacetime.” Given a Ricci flow (M, ¢;):c1, there is an associated spacetime manifold M x I. We
can look at the tangent space to a point (p,t) in this manifold, but for some reason it’s more useful
to look at the spatial tangent bundle, which we define by

TP (M x I) = proj, (TM).

We can view this as embedded in the tangent bundle of M x I, since TP**(M x I) = ker dt, where
t = proj;. We also have the time vector field 9; = (proj)«.
With this setup, there is a 1-1 correspondence between time-dependent vector fields (X¢)ie; on
M and sections of TP?*(M x I). The family of metrics (g;)ies induces a metric on TP (M x TI).
Now we want to phrase Uhlenbeck’s trick using this machinery, which we do by constructing a
connection on the spatial tangent bundle. We define the space-time connection V by

VX =V X Ve TR (M x T)
Vo, X = 9, X — Rey(X),

where V is the Levi-Civita connection with respect to g;. It is easy to show that this connection is
metric.

A Some light representation theory

Currently one only needs representation theory to understand the decomposition of the curvature
tensor, and only some very basic definitions from the field.

Definition A.1. Let V be a vector space over F. A representation of a group G (or an algebra)
on Visamap ®: G x V — V with the properties

(1) For any g € G, the map

O(g):V -V
v ®(g,v)

is linear (over the field of V).
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(2) Denoting g - v = ®(g, v), then for any ¢g1,¢92 € Gand v € V,
(i)e-v=w
(i) g1~ (92 -v) = (9192) - v,
where e is the identity element of G.

Equivalently, a representation of a group G on a vector space V is a group homomorphism ¢ : G —
GL(V,F).

The vector space V is called the representation space of ¢ and its dimension is called the
dimension of the representation (or sometimes the degree). Sometimes we may refer to V itself as
the representation if the homomorphism ¢ is clear from the context.

When V has finite dimension n, one can choose a basis for V' to identify with F”, and thus recover
a matrix representation with entries in the field F.

Example A.2. Let G = SO(n) and V = R™. The usual action of G on V provides a representation.
This representation is irreducible (see below).

We could also define a representation of SO(n) on R* for k > n by choosing a n-element subset
of the standard basis for R* to apply a transformation to.

Definition A.3. A subrepresentation of a representation (V,¢) of a group G is a subspace
W C V which is invariant under all the operators ¢(g) : V — V, g € G. In this case, (W, p|w) is a
representation of W.

Definition A.4. If a representation V only has itself and the trivial subspace as subrepresentations,
we say that V is irreducible.

Theorem A.5. Let G be a compact Lie group (like O(n) or SO(n), and let V' be a finite-dimensional
real or complex representation of G. Then V' has a decomposition a a direct sum of irreducible
subrepresentations

VVieVed. - & Vi

Moreover, this decomposition is orthogonal with respect to any G-invariant inner product.
Induced representations on tensor products and duals. If ¢; : G — GL(V;) and o : G —
GL(V3) are representations of a group G, then we can form a representation ¢1 ® 2 of G on V3 ® Va
by

(p1 ® ©2)(9) = ¥1(9) @ ¥2(9)-

Given a representation ¢ : G — GL(V), there is a representation ¢* on the dual space V* defined by
¢ (9) =g,

where the star on the right hand side is the dual map. Recall that for a linear endomorphism 7" on
V', there is a dual endomorphism on V* given by T*(v*) = v* o T'. In this case we have, for 0 € V*,

veV,
¢*(9)(0)(v) = w(g™ )" (0)(v) = (8)(p(g™")(v))-

Example A.6. With the representation of SO(n) on V = R", a transformation T acts on the tensor
product V. ® V by
Twew)=Tw) e T(w).
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It’s not too hard to see that the subspace ®2V of symmetric elements of V ® V is a subrepresentation:

Goow)=G(3vew+wev))
= G(v) © G(w),
and similarly for the antisymmetric tensors A2V. Moreover, these subrepresentations are irreducible,

and so

VeV VoV)s(VAV).

Example A.7. There is a standard representation of O(n) on T, M, by A-v = Av. This induces
the dual representation of O(n) on T; M by (A - a)(v) = a(A™1v).

This dual representation is equivalent to the original one in the sense that, for the music isomorphic
b: T, M — TrM, we have b(Av) = A(bv). This follows from the fact that bAv = [w — g(Av, w)],
whereas A(bv) = A(€), where {(w) = g(v,w). Then

A (w) = £(A™w) = g(v, A7 Mw) = g(Av, w).

Now we get to the main example. The (4, 0) version of the Riemann curvature tensor is a section
of the bundle
NM © N*M C @M.

The fact that Rm is in this subbundle (or subspace, thinking pointwise) reflects most of the symmetries
of the curvature tensor. It doesn’t reflect the Bianchi identity; we can do that by observing that Rm
is a section of the subbundle ker(b), where b is the linear map

b: N2M &AM — NBM o T*M
defined by
1
b()(X,Y,Z,W) = g(Q(X,Y,Z, W)+QY,Z, X, W) +Q(Z,X,Y,W)).

We will call C'M the bundle of curvature tensors; those tensors that have the same symmetries as the
Riemannian curvature tensor. Now for every & € M, the vector space C, M is a subspace of @*T* M,
meaning that there is a standard representation of O(R™) = O(T; M) on C, M. Thus there is an
irreducible decomposition of C, M.

Proposition A.8. With the setup as above,
CM=Rg®g® (SeM ®g)®WM,

where S3 is the bundle of symmetric, trace-free 2-tensors. The bundle WM is the bundle of Weyl
curvature tensors. We can take the bundle WM to be defined by this equation, but it turns out that

WM = ker(b) Nker(c),

where
c: N2M o NM — &M
is the contraction map defined by

c(Q(X,Y) = Qe;, X, Y, e).

i=1
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Proof. We need to establish the following facts.
(a) Rg ® g is, at each point z, an irreducible subrepresentation of C,, M.
(b) S2M ® g is, at each point , an irreducible subrepresentation of C, M.
(¢) WM = ker(b) Nker(c).
(d) The direct sum decomposition holds.

(a) First observe that Rg @® g is a 1-dimensional subspace, and thus must be irreducible (assuming
that it is a well-defined subrepresentation).
O

B Examples

In this section we present some concrete examples of the objects and concepts discussed in the main
text.

Example B.1 (Curvature of the 2-sphere).

Example B.2 (Constant curvature spaces). A Riemannian metric g has constant sectional curvature
c if and only if its curvature tensor satisfies

Rm = %cg Dyg. (1)
In this case, the Ricci and scalar curvature of g are given by the formulas
Re = (n—1)eg, R =n(n—1)e, (2)
and the Riemann curvature endomorphism is
RX,)Y)Z=c({Y,Z2)X —(X,2)Y). (3)
That is, in terms of any basis,
Rijke = c(giegik — girgie), Rij = (n — 1)cgij. (4)

Example B.3 (Pullback of a tensor field). See example 12.29 from Lee
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